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LOCAL POLYNOMIAL REGRESSION FOR SPATIAL DATA ON R¢

DAISUKE KURISU AND YASUMASA MATSUDA

ABSTRACT. In this study, we develop a general asymptotic theory of local polynomial (LP) re-
gression for spatial data observed at irregularly spaced locations in a sampling region R, C R<.
We adopt a stochastic sampling design that can generate irregularly spaced sampling sites in a
flexible manner and include both pure increasing and mixed increasing domain framework. We first
introduce a nonparametric regression model for spatial data defined on R? and then establish the
asymptotic normality of LP estimators with general order p > 1. We also propose methods for
constructing confidence intervals and establish uniform convergence rates of LP estimators. Our
dependence structure conditions on the underlying random field cover a wide class of random fields
such as Lévy-driven continuous autoregressive moving average random fields. As an application of
our main results, we also discuss a two-sample testing problem for mean functions and their partial
derivatives.

1. INTRODUCTION

Recently, a considerable interest has been paid on statistical inference of spatial regression models
for geostatistical data analysis in many economic and scientific fields such as spatial econometrics,
ecology, and seismology. Particularly, nonparametric methods for spatial data have also been the
focus of attention. There is fairly extensive literature on the local constant (LC) , local linear (LL),
and local polynomial (LP) estimators for dependent data. For stationary time series, we refer to
Hansen (2008) and Zhao and Wu (2008) for LC estimators and Masry (1996a.,b), and Masry and
Fan (1997) for LP estimators. For nonstationary time series, we refer to Kristensen (2009) and Vogt
(2012) for LC estimators, and Zhou and Wu (2009) and Zhang and Wu (2015) for LL estimators
for quantile curves and conditional mean functions, respectively. For stationary spatial data on
72, we refer to El Machkouri and Stoica (2010) and Jenish (2012) for LC estimators and Hallin
et al. (2004) and El Machkouri et al. (2017) for LL estimators. For spatial data on R?, we refer
to Kurisu (2019) and Kurisu (2022) who investigate LC estimators for the stationary and locally
stationary case, respectively. We also refer to Robinson (2011) for other recent contribution for
possibly nonstationary spatial data. Notably, there seems no theoretical results on the statistical
properties of LP estimators for (irregularly spaced) spatial data on both Z% and R? and even the
properties of LC estimators are not known, especially under our model.

The goal of this paper is to make progress in this literature by developing a general asymptotic
theory for LP estimators of any order p > 1 for nonstationary spatial data on R?. The contributions
of this paper are as follows.
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First, we propose a nonparametric model for spatial data {Y (x, )}~ observed at irregularly
spaced sampling sites {x, ;}"_; over a sampling region R,, C R? (d > 1). Precisely, each Y (z,,;) is
explained by the sum of a deterministic spatial trend function (i.e. mean function), a random field
on R? that represents spatial dependence, and a location specific measurement error (see Section
2.1 for details). In many scientific fields, such as ecology, geology, meteorology, and seismology,
sampling points are naturally irregular. In fact, measurement stations cannot be placed on a
regular grid owing to physical constraints. To cope with irregularly spaced sampling sites, we
adopt the stochastic sampling scheme of Lahiri (2003a), which allows the sampling sites to have a
non-uniform density in the sampling region and allows the number of sampling sites n to grow at
a different rate compared to the volume of the sampling region A,. This scheme accommodates
both the pure increasing domain case (lim,—o A,/n = Kk € (0,00)) and the mixed increasing
domain case (lim, oo An/n = 0). From a theoretical point of view, this scheme covers all possible
asymptotic regimes, since it is well known that the sample mean is not consistent under the infill
asymptotics (Lahiri (1996)). See Lahiri (2003b), Lahiri and Zhu (2006), Matsuda and Yajima
(2009), Bandyopadhyay et al. (2015), Kurisu et al. (2021), and Kurisu (2022) for discussions on
the stochastic spatial sampling design. We note that our model can be seen as an extension of
the model considered in Miiller and Watson (2021) who investigate inference on sample means
of irregularly spaced spatial data under stochastic sampling design, to nonparametric regression
models.

Second, we (i) establish the asymptotic normality of the LP estimators of the mean function
of the proposed model, (ii) construct an estimator for their asymptotic variances, and (iii) derive
uniform convergence rates of the LP estimators over compact sets. The LP estimators are broad
enough to include the estimation of conditional moment, distribution, density functions, and their
partial derivatives, and our theoretical results are applicable to irregularly spaced time series (d = 1)
as well as spatial data (d > 2). The results (i) and (ii) enable us to give expressions for the bias
and variance/covariance matrix (of the joint asymptotic distribution) of these LP estimators and
to construct confidence intervals of the LP estimators, which is also important when performing
a hypothesis test on the mean function. To establish the result (iii), we first consider general
kernel estimators and derive their uniform convergence rates. Since the estimators include many
kernel-based estimators such as, kernel density, LC, LL, and LP estimators for random fields on
R? with irregularly spaced sampling sites, the results are of independent theoretical interest. We
note that the general results are also useful for evaluating both the bias and variance terms of
the LP estimators. Particularly, the results on uniform convergence rates enable us to predict the
values of the mean function uniformly on a spatial region that does not contain sampling sites. As
an application of our main results, we discuss a two-sample test for the mean functions and their
partial derivatives, which also seems a novel result for irregularly spaced spatial data. Additionally,
in the literature of causal inference, regression discontinuity designs (RDDs), which are based on
local polynomial fitting for the mean functions for both treatment and control groups, is known as
an important tool for analyzing the (local) average treatment effect of interventions (cf. Hahn et al.
(2001) and Calonico et al. (2014)). Existing methods for RDDs build on asymptotic properties of
LP estimators for i.i.d. data even for spatial data (cf. Keele and Titiunik (2015) and Ehrlich and
Seidel (2018)). We believe our results pave the way for a new framework of RDDs for spatially
dependent data.



Third, we provide examples of random fields that can be covered by our assumptions. Specifically,
we show that a broad class of Lévy-driven moving average (MA) random fields, which includes
continuous autoregressive moving average (CARMA) random fields (cf. Brockwell and Matsuda
(2017)), satisfies our assumptions. The CARMA random fields are known as a rich class of models
for spatial data that can represent non-Gaussian random fields as well as Gaussian random fields
if the driving Lévy random measures are purely non-Gaussian (cf. Brockwell and Matsuda (2017),
Matsuda and Yajima (2018), and Kurisu (2022)). However, mixing properties of Lévy-driven
MA random fields have not been investigated since it is often difficult to check mixing conditions
as considered in Lahiri and Zhu (2006) and Bandyopadhyay et al. (2015) for general (possibly
non-Gaussian) random fields on R? except for a class of Gaussian processes. We show that a
wide class of Lévy-driven MA random fields can be approximated by m,-dependent random fields
with m,, — 0o as n — oco. As a result, this study also contributes to the flexible modeling of
nonparametric, nonstationary and possibly non-Gaussian random fields on R¢ by addressing an
open question on the dependence structure of statistical models built on Lévy-driven MA random
fields.

To the best of our knowledge, our work is the first attempt to establish an asymptotic theory
on local polynomial fitting for spatial models on R? by (i) establishing the asymptotic normality
and uniform convergence rates of the LP estimators of the mean function of the proposed model,
(ii) proposing methods for constructing confidence intervals of the LP estimators, and (iii) showing
the applicability of our theoretical results for a wide class of Lévy-driven MA random fields. From
a theoretical point of view, the present paper builds on Lahiri (2003a) and Lahiri and Zhu (2006),
but our theoretical analysis differs substantially from those references in several important points.
Specifically, (i) we extend the coupling technique used in Yu (1994) to irregularly spatial data to
establish uniform convergence rates of the LP estimators. This extension is non-trivial since there
is no natural ordering for spatial data and the number of observations in each block constructed
is random, and hence our approach to blocking construction for establishing uniform rates is quite
different from those in Lahiri (2003a) and Lahiri and Zhu (2006) whose proofs essentially rely on
approximating the characteristic function of the weighted sample mean by that of independent
blocks. (ii) We explore concrete random fields that satisfy our assumptions in detail, while Lahiri
(2003a) and Lahiri and Zhu (2006) lack a detailed discussion on random fields that satisfy their
mixing conditions and other regularity conditions. Verification of our regularity conditions to
Lévy-driven MA fields is indeed non-trivial and relies on several probabilistic techniques from Lévy
process theory and theory of infinitely divisible random measures (cf. Bertoin (1996), Sato (1999),
and Rajput and Rosinski (1989)). Further, in our framework, we cannot use common techniques for
the analysis of (equidistant) time series to show the asymptotic normality or uniform convergence of
estimators due to the irregularly spaced observations. Specifically, it seems not possible to construct
a martingale difference sequence, as is common in the analysis of temporally dependent data.

The rest of the paper is organized as follows. In Section 2, we introduce our nonparametric
regression model for spatial data with irregularly spaced sampling sites. In Section 3, we define
local polynomial estimators as solutions of a multivariate weighted least squares problem. In Section
4, we establish the asymptotic normality of the LP estimators and construct estimators of their
asymptotic variances. In Section 5 we provide the uniform convergence rates of a general kernel
estimators and as a special case, we provide the uniform convergence rates of the LP estimators.



In Section 6, we provide examples of the random fields that satisfies our assumptions. All proofs
are included in Appendix.

1.1. Notation. For any vector & = (z1,...,2,)" € R% let |z[ = >21_, [z;] and [|z| = i1

denote the ¢'-norm and ¢?-norms of x, respectively. For any set A C R? and any vector a =
(a1,...,aq) € (0,00)% let |A| denote the Lebesgue measure of A, let [A] denote the number of
elements in A, and let aA = {(a121,...aqxq) : ®« = (x1,...,24) € A}. For any positive sequences
Gn, by, we write a, < by, if there is a constant C' > 0 independent of n such that a, < Cb,
for all n, a, ~ by if ap S b, and b, < a,. For a sequence of random variables {X;};>1, let
o({X}i>1) denote the o-field generated by {X;};>1. Let Ex denote the expectation with respect
to a sequence of random variables { X };>1 and let P x and E. x denote the conditional probability
and expectation given o({X;}i>1). For any real-valued random variable X and 7 € (0,1), let
q1—r =inf{zx e R: P(X <z)>1— 7} be the (1 — 7)-quantile of X. For a € R and b > 0, we use
the shorthand notation [a £ b] = [a — b,a + b).

2. SETTINGS

In this section, we discuss the mathematical settings of our model (Section 2.1), sampling design
(Section 2.2) and spatial dependence structure (Section 2.3).

2.1. Model. Consider the following nonparametric regression model:

Y(zp:) =m ( A, > +7 < A, ) e(xn,i) + oc < A, ) €, (2.1)

mnz’ / .
=m (,Ay> + €n,i + Enyis Lnyg = (.’177-”71, s 7$ni,d) € R’I’H 1= 17 RN
n

where Ry = [19_, [~ Auj/2. Ang /2% An =TI, Auy, 5t = (jﬁ,...,jﬁjﬁ)' with A, — 00
as n — 0o, m : R — R is the mean function, e = {e(z) : * € R?} is a random field defined on
R? with Ele(x)] = 0 and E[e?(xz)] = 1 for any = € R%, 5 : R? — (0,00) is the variance function
of spatially dependent random variables {e,;}, {€;} is a sequence of i.i.d. random variables such
that E[e;] = 0 and E[¢?] = 1, and 0. : R? — (0,00) is the variance function of random variables
{en,i}. Intuitively, the mean function m represents deterministic spatial trend, the random field
e represents spatial correlation, and the random variables {e,;} can represent location specific
measurement error. We note that our model is an extension of the model considered in Miiller and
Watson (2021). The above setup (2.1) is broad enough to include estimating function of the form
mp(z) = E[F(Y(x))|x/A, = z] by using the new data set {(F (Y (%)), Zn:)}i—,. Note that these
functions include the conditional moment, conditional distribution, conditional density functions,
and their partial derivatives with respect to z.

We assume the following condition on the mean function m, the variance function 7, and {e, ;}:

Assumption 2.1. Let U, be a neighborhood of z = (21, ...,24) € (—1/2,1/2).

(i) The mean function m is (p + 1)-times continuously partial differentiable on U, and define
Ojr..jom(z) :=0m(z)/0z, ...25,, 1 < ji,...,jp <d, 0< L <p+1. When L =0, we set
8]'1“.ij(2) = ajom(z) = m(z)

(ii) The function n is continuous over U, and n(z) > 0.
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(iii) The random variables {&;}"_, are i.i.d. with E[z1] = 0, E[3] = 1, E[|e1|%] < oo for some
integer q1 > 4, and the function o.(-) is continuous over U, with o-(z) > 0.

2.2. Sampling design. To account for irregularly spaced data, we consider the stochastic sampling
design. First, we define the sampling region R,. For j =1,...,d, let {A, ;}n>1 be a sequence of
positive numbers such that A, ; — oo as n — co. We consider the following set as the sampling
region.

d
Ry = []1=A4n;s/2, An /2]
j=1

Next, we introduce our (stochastic) sampling designs. Let g(z) = g(z1,...,24) be a probability
density function on Ry = [—1/2,1/2]%, and let {X,,;};>1 be a sequence of i.i.d. random vectors
with probability density A, %g(z/A,) = A, %(x1/An1, ... 2d4/Anq) where A, = H;-l:1 Apj. We
assume that the sampling sites @, 1, ..., ®y  are obtained from the realizations of random vectors
Xu1,..., Xpnn. To simplify the notation, we will write @, ; and X,,; as @; = (x;1,...,2;q)" and
X; = (Xin1,...,Xiq), respectively.

We summarize conditions on the stochastic sampling design as follows:

Assumption 2.2. Recall that U, is a neighborhood of z € (—1/2,1/2)¢. Let g be a probability
density function with support Ry = [—1/2,1/2]%.
(i) Ap/n — k € [0,00) as n — oo,
(i) {X; = (Xin,..., Xia)'}7y is a sequence of i.i.d. random vectors with density A, %g(-/A;)
and g is continuous over Uy and g(z) > 0.
(iii) { X}, e = {e(x) : © € R}, and {e;}", are mutually independent.

Condition (i) implies that our sampling design allows both the pure increasing domain case
(limy, 00 An/n = k € (0,00)) and the mixed increasing domain case (lim,_,o A, /n = 0). This im-
plies that our study addresses the infill sampling criteria in the stochastic design case (cf. Cressie
(1993) and Lahiri (2003b)), which is of interest in geostatistical and environmental monitoring
applications (cf. Lahiri and Zhu (2006)). Condition (ii) implies that the sampling density can
be nonuniformly distributed over the sampling region R,, = H;l:l[_Amj /2, A ;/2]. 1t is straight-
forward to extend the definition of the sampling region R, to a more general case that includes
non-standard shapes (e.g., ellipsoids, polyhedrons, and non-convex sets) as considered in Lahiri and

Zhu (2006).

2.3. Dependence structure. We assume that random field e satisfies a mixing condition. First,
we define the a- and S-mixing coefficients for the random field e. Let Fe(T') = o({e(x) : ® € T'})
be the o-field generated by the variables {e(z) : © € T}, T C RY. For any two subsets Ty and T
of R?, let

a(Ty, Ty) = sup{|P(AN B) — P(A)P(B)| : A € Fo(T}), B € Fo(To)},
J K
BT o) = sup D73 IP(4; 0 B) = PUA)PBY),

where the supremum for 5(T1,Ts) is taken over all pairs of (finite) partitions {Ay,..., A} and

{By,...,Bg} of R% such that Aj € Fe(Th) and By, € Fe(T3). The a- and S-mixing coefficients of
5



the random field e is defined as

ala;b) = sup{a(Th,T) : d(T1,T5) > a,T1,T> € R(b)},
B(a;b) = sup{B(T1,T») : d(T1, To) > a,T1,To € R(b)}.

where a,b > 0, d(T1,Ts) = inf{|z — y| : ® € Th,y € T»}, and R(b) is the collection of all the finite
disjoint unions of cubes in R? with a total volume not exceeding b. Moreover, we assume that there
exist a non-increasing functions o and 31 with aq(a), f1(a) — 0 as a — oo and a non-decreasing
functions w; and wsy (that may be unbounded) such that

a(a;b) < ag(a)wi(b), B(a;b) < Bi(a)wa(b).

Remark 2.1. The definitions of the a- and S-mixing coefficients are based on the argument in
Bradley (1989). It is important to restrict the size of the index sets 77 and T» in the definition of
a- (or 5-) mixing coefficients. Let us define the S-mixing coefficient of a random field e similarly
to the time series as follows: For any subsets 7} and Ty of R%, the S-mixing coefficient between
Fe(T1) and Fe(T3) is defined by B(T1, Tz) = sup 327y Sy |P(A; N By) — P(A;)P(By)| /2, where
the supremum is taken over all partitions {Aj}le C Fe(Ty) and {Bi} | C Fe(T2) of RE. Let
O; and O; be half-planes with boundaries L; and Lo, respectively. For each a > 0, define f(a) =
sup{B(O1,0y) : d(O1,02) > a}. According to Theorem 1 in Bradley (1989), if {e(x) : & € R2} is
strictly stationary, then S(a) = 0 or 1 for a > 0. This implies that if a random field e is S-mixing
(limg—00 B(a) = 0), then it is automatically m dependent, that is, 5(a) = 0 for some a > m, where
m is a positive constant. To allow a certain flexibility, we restrict the size of T} and T» in the
definitions of a(a;b) and S(a;b). We refer to Bradley (1993) and Doukhan (1994) for more details
on mixing coefficients for random fields.

For the asymptotic normality of the LP estimators, we assume the following conditions for the
random field e:

Assumption 2.3. Forj =1,...,d, let {An1}n>1 and {Anajtn>1 be sequences of positive numbers

. Api,; A jhj
such that min {AHQJ, AZ;jv - j] —» 00 as m — 0.

(i) The random field e is stationary and E|[|e(0)|%2] < oo for some integer gz > 4.
(i) Define oe(x) = Ele(0)e(x)]. Assume that 0¢(0) =1 and [pa|oe(v)|dv < oc.
(iii) The random field e is a-mixing with mizing coefficients a(a;b) such that as n — oo,

AD a4 + 0 k() | @y (AD) = o,
k:Anl

) 1 d ) .
where ¢ = min{q1, g2}, AP = [Tj—1 An1j, Apy = mini<j<a An1j, and A5 = mini<j<q Ana ;.

The sequences {4, ;} and {A,2 ;} will be used in the large-block-small-block argument, which
is commonly used in proving CLTs for sums of mixing random variables. Specifically, A, ; corre-
sponds to the side length of large blocks, while A, ; corresponds to the side length of small blocks.
In Section 6, we provide examples of random fields that satisfy Assumptions 2.3 and 4.1 below. In
particular, a wide class of Lévy-driven moving average (MA) random fields that includes continuous
autoregressive and moving average (CARMA) random fields (cf. Brockwell and Matsuda (2017))

satisfies our assumptions.
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3. LOCAL POLYNOMIAL REGRESSION OF ORDER p

In this section, we introduce local polynomial (LP) estimators of order p > 1 for the estimation
of derivatives of the mean function m of the model (2.1).
Define

D=[{(1,--sjr): 1<j1 <--- <4 <d,0<L<p}],
D:[[{(j17~-‘7jp+1)11§j1S-'-Sjp+1§d}],

(Sj1ojrls -+ Sj1.jrd) € Z%o such that s;, ;& = [{je: je =k, 1 <€ < L}], and define

d
PO HS. .
Ji-JL- Ji..jrk:
k=1

When L =0, we set (ji,...,j) = jo =0 and s;, ;! = 1. Note that Zi:l Sj..jok = L. Further,
for p > 1 and z € [~1/2,1/2], define

0 z) O z 0, z
M(z) :: <m(z)7 alm(z)7 AR adm(z)’ 117’27,;‘( )7 1217;,;-5 )7 MR ) dd;r;( )7
O1.am(z) 01.2m(z) dq..am(2)\’
T =Dl Tl
1 /
Jred 1<) <<, <d,0<L<p

We define the local polynomial regression estimator of order p for M (z) as a solution of the following
problem:

2
L

P
B(z) := arg minz Y (X;) — Z Z Bi..jr H <W) Kap (X — Apz)

BERD i L=01<j1 <—<jr<d =1 e

(3.1)
= (Bo(2), B1(2), - ., Ba(2), Bi1(2), -, Baa(2), - -, B1.1(2), - ., Ba..a(2))
= (BjLnjL(z))/lgjlg---SngdJ)SLSp?

where 3 = (le---jL)/1<j1<~-~<jL<d o<n<p K : R? — R is a kernel function, and each h; is a sequence
of positive constants (bandwidths) such that h; — 0 as n — oo, and where

Xi1—Apiz Xid— An,d2d>

Kan(Xi— Ayz) = K
Anl ?) ( Ap1hi Ap dha

L
and 31 << <a Binegn Teet (Xije — Anjjizj,) [Anj, = Bo when L = 0.
To compute the LP estimators, we introduce some notations: Y := (Y(X1),...,Y(X,)),

1 1
(Xl;AHZ)l . (Xn;Anz)l 1 1
X =(X,,.... X,) = " " _ ! ; ,
(X, Xn) : . ; (mrmm.”(&—%m>
(Xl—A,Lz)p (Xn—Anz)p
— A, A4

W .= diag (Kap (X1 — Anz), ..., Kan (X5, — Anz)),
7



where
/

L
(Xi— Anz)p _ 11 Xigy = Anjoiy
ATL A’I’L_][ '

(=1 ’ 1<i1<<jr<d

The minimization problem (3.1) can be rewritten as

B(z) = arg min(Y — X'B)W(Y — X'B) =: arg min Q,,(03).
BeRDP BeRD

Then the first order condition of the problem (3.1) is given by

;BQn(ﬂ) = 2XWY +2XWX'B=0.

Hence the solution of the problem (3.1) is given by

Bz) = (XWX')'XWY
n -1 n
= D Ean (Xi - A2) XX | D Ean (Xi — Apz) XY (X5).
i=1 i=1

We assume the following conditions on the kernel function K:

Assumption 3.1. Let K : R — R be a kernel function such that
(i) [ K(z)dz=1.
(i) The kernel function K is bounded and supported on Sk C [—1/2,1/2]% with U, C Sk.
(ii1) Define Hér) = [ K"(2)dz, ng?m7j1w = [TI)L, 2, K" (2)dz, and
!

1<L<p.

b —_— —

L
2= (L (o0 (2))) ()= (H )
=1 1<j1 << <d
1
z

The matriz S = [ ( > (1 2")K(z)dz is non-singular.

4. MAIN RESULTS

In this section, we discuss asymptotic properties of the LP estimators defined in Section 3. In
particular, we establish the asymptotic normality of the LP estimator (Section 4.1) and estimation
of the asymptotic variance of the LP estimators (Section 4.2).

4.1. Asymptotic normality of local polynomial estimators. We assume the following condi-
tions for the sample size n, bandwidths h;, constants A, ;, An1 ;, and Az ;, and mixing coefficients

ala;b):

Assumption 4.1. Recall ¢ = min{qi, ¢2}, Aﬁll) = H?:l Ap1j, and A1 = minj<j<q Ay j. Define

Anl = maxi<j;<d Anl,j; Ang = maxi<;<d An2,j; and Anh = maxi<;<d An7jhj- Asn — o,
(1) hj =0 for 1 <j <d.
(’Ll) nhl...hd — O0.
(i) Al ...hg x B3 .. B3 — 00 for 1< ji <.+ < jp < d.

(i’l)) Anhl .. .hd X hfl . ..h?ph?ﬁl — Ci1.ogpt1 S [0,00) fOT’ 1< j1 < <Z jp+1 <d.
8



(v) <A"h1 hd) ai(A,)wi(Azhy ... hg) =0,

A(l) 2d-1,, 1 4/q

{(iziﬂ:i:i) (%) (Afz*:.’f?hd) ()} 3 o200

We need Condition (ii) to compute the asymptotic variances of the LP estimators. Conditions

(iii) and (iv) are concerned with the rates of convergence of variance and bias terms of the LP
estimators, respectively. Condition (v) is concerned with the large-block-small-block argument
to show the asymptotic normality of the LP estimators. Indeed, we use the first condition to
approximate a weighted sum of spatially dependent data of the form

n

_ 1
> Kan(Xi)H ™! < X, >(en,i+5n,i)
i=1 ¢

by a sum of independent large blocks. The second condition is used to apply Lyapunov’s central
limit theorem to the sum of independent blocks. The third conditions is used to show the asymptotic
negligibility of a sum of small blocks. See the proof of Theorem 4.1 for detailed definitions of large
and small blocks.

Define

H :=diag(1,h1,. .., ha,h3, hiha, ... B3, WD B hy, . BP) € RPXP.

Throughout Sections 4.1, 4.2, and 4.3, we set z = 0 without loss of generality. Extending the
results in this section to the case z € (—1/2,1/2)? is straightforward.

Theorem 4.1 (Asymptotic normality of local polynomial estimators). Suppose Assumptions 2.1,
2.2, 2.8, 3.1, and 4.1 hold. Then, as n — oo, the following result holds:

NIW (H (B(o) . M(o)) - S‘lB(d’p)Méd’p)(O))

0
2 2
i) N ’{“(77 (O) +05(0)) —|—772(0)/ae(’v)d'v} S—l,cs—l ,

9(0)

0
where
o= [ (] )<z>p+1f<< iz e R22, k= [ (1) 0 )Rz e ROV,
0; et
Méd,p)(z) _ ( J1dpr T Hhﬂ>
Sitdpia’ 1<j1 < <jips1<d

!

— (81‘“1777,(,2) h/11)+17 81 Qm( )hph ad.‘.dm(z) hp) E RD
(p+1)! p! " (p+1)!

Theorem 4.1 differs from the asymptotic normality of LP estimators under i.i.d. observations in

several points. First, the convergence rates of the LP estimators depends not on the sample size n ex-

plicitly but on the volume of the sampling region A,. Second, the asymptotic variance is represented
9



as a sum of two components {x(n*(0) + 02(0))}S~'KS™!/g(0) and 1*(0) ([ ge(v)dv) STLS™L.
When the sampling design satisfies the mixed increasing domain asymptotics, that is, k = 0, then
the asymptotic variance depends only on the second term, which represents the effect of the spatial
dependence, and does not includes 02(0), the effect of the measurement error {e,, ;}. This is com-
pletely different from i.i.d. case. We also note that the form of the asymptotic variance in Theorem
4.1 is different from that of Theorem 4 in Masry (1996b) who investigates asymptotic properties of
LP estimators for equidistant time series. Indeed, in his result, the variance term that corresponds
to the second term of the asymptotic variance in our result does not appear. When the sampling
design satisfies the pure increasing domain asymptotics, that is, x € (0,00), then the asymptotic
variance depends on both first and second terms. In this case, the asymptotic variance includes
the effect of the sampling design 1/¢(0), which implies that the more likely the sampling sites are
distributed around 0, the more accurate the estimation of M (0). Moreover, if n(-) = 0, then the
asymptotic variance coincides with that of i.i.d. case.

Remark 4.1 (General form of the mean squared error of 9;, ;, m(0)). Define
b(4P) () := BEP) M(DP) ()
= (bpo(x),bna(x),. .., bya(x),
bn,11(®), bn12(2), - - b da(2), - b1 1 (@), b1 2(®), - b a(@)
and let e;, ;, = (0,...,0,1,0,...,0)" be a D-dimensional vector such that e;.l._ijsld’p)(a:) =
bj,..j. (x). Theorem 4.1 yields that

p+1
b L (0) = 2 : 8j1,1---j1,p+1m(0) H B /-@(1)
TJ15e] L - | J1,61 V1 L1, p 1)

S i !
1<j11<<jipp1<d LTIt g

for 1 <jy <---<jr <d, 0<L <p, and the mean squared error (MSE) of the LP estimator
0j,..jp,m(x) is given as follows:

MSE(9;,..;, m(0))
=E [(ajl...y‘Lm(U) - 3;‘1...@7?1(0))2}

= d, 2
{s' : |(S 1ej1---jL)/B(d’p)M,(L P)(O)}
Ji--JL*

L
(=1 hjz

k(n%(0) + 03(0)) 9 9 6;-1A‘AjLS*11CS’16j1_,_jL
+ +17(0) [ ge(v)dv | (sj,..5,!) : (4.1)
( 9(0) ! / ? v) e Aphy .. hg % (Hle hje>2

4.2. Estimation of asymptotic variances. An estimator of the asymptotic variance of the sta-
tistics ,@(0) can be constructed by using leave-one (or two)-out estimators. For z € (—1/2,1/2)%,
let m_7(z) be the LP estimator (of order p) of m(z) computed without {(Y(X;), X;)}ier, I C
{1,...,n}.

Define

1 n
G00) = —— S Kan(X;),
g( ) nhlhd; Ah( )

10



T (0) = e 3 Kanl(X0) (Y (X0) = g9 (X, /A,))°.

n—1
N A,
Vi2(0) = ——m—— Kan (X)) K ap(X;
2(0) i T ;_1 A( X)) K ap(Xit1)

X (Y(X3) = mgiirny(Xi/An)) (Y (Xiv1) = iy (Xir1/4n))
Note that m_g;(z) and m_g; ;413(2) are leave-i-out and leave-(i,i + 1)-out version of m(z), re-
spectively and then m_g;(z) and X; (or m_y;;41y(2) and {X;, X;11}) are independent under
Assumption 2.2.

~

Proposition 4.1. Under the assumptions of Theorem 4.1, as n — o0,
(An/m)Vn1(0) (52 1,5(0) » K(72(0) +02(0)) /
. : +n*(0 oe(v)dv.
72(0) 70) ooy O[]

Theorem 4.1 and Proposition 4.1 enable us to construct confidence intervals of ;. ;, m(0).

V,(0) :=

Consider a confidence interval of the form

Va(0) (855,17 (631...jL5’1’C5’1€j1...jL)

Ay g (T hy,)

where g1, is the (1 — 7)-quantile of the standard normal random variable. Then we can show the

Cnjrgr (1 =7) = 05,5, m(0) £ Qi—r/2| »

asymptotic validity of the confidence interval as follows:

Corollary 4.1. Let 7 € (0,1). Under the assumptions of Theorem 4.1 with
Anhy .. hy ((S*lejl,,,jL)'BW)M,gva)(0))2 =0

as n — 0o. Then, lim, o P(0j,..;,m(0) € Cpj,. (1 —7)) =1—1.

4.3. Two-sample test for spatially dependent data. In this section, we discuss two-sample
tests for the derivatives of the mean function as an application of our main results.
Consider the following nonparametric regression model:

Ty Ty W
Yl(ml,h) =m ( A 1) +m ( A 1) 61(131751) + 0e1 <Al> €1,61, bL=1,...,m
n n n
Toy Toy T2y
Yz(wz,eg)—mz< 1 2>+772< 1 2)62($2,zz)+0’5,z( " 2>€2,£27 ly=1,...,n9,
n n n

where 1 4,,Tay, € Ry, € = {e(x) = (e1(z), ea(x)) : & € R?} is a bivariate stationary random field
such that Ele;(0)] =0, E[e2(0)] = 1, and {ex 4, } is a sequence of i.i.d. random variables such that
E[e?k’gk] = O, k= 1, 2.

Assume that {zxj, } are realizations of a sequence of random variables {X}, } with density
A1gr(-/A,) where gi(+) is a probability density function with support [~1/2,1/2]¢, k = 1, 2.

Assumption 4.2. The bivariate random field e satisfies the following conditions:
(i) Ellex(0)|22] < oo, k = 1,2 for some integer qa > 4.
(it) Define Xe(x) = (0e ji(T))1<j i<z where o ji(x) = Elej(0)ex(x)], j, k = 1,2. Assume that

Oesk(0) =1, k=1,2 and [4|oeji(v)|dv < 00, j,k =1,2.
11



(iii) The random field e is a-mixing with mizing coefficients a(a;b) < ai(a)wi(b) such that as
n — 0o,

AD o (Ang) + 30 KTy ) | @y (AR 0,
k:Anl

. 1 d . )
where ¢ = min{q1, g2}, AP = [Tj=1 An1j, Apy = mini<j<a Anj, and A5 = mini<j<q Ana ;.-

Here, { An1,j}n>1 and {Ap2 j}n>1 are sequences of constants such that min {Angd, ‘2"; ;, ?ﬂi}; } —
o0 as n — 00, and q1 is the integer that appear in Assumption 2.1.
(iv) { X1, }?11:17 {Xg,b}?;:l, e, {e10 }?11:1, and {82’@}?22:1 are mutually independent.

In Section 6, we give examples of bivariate random fields that satisfies Assumptions 4.1 and 4.2.
We note that a wide class of bivariate Lévy-driven MA random fields satisfies our assumptions.
We are interested in testing the null hypothesis

Hovjln-jL : aJ1 ]Lml(O) ]1 JLmZ( ) =0 (4'2)

against the alternative Hy ;. j, : 0j,...j,m1(0) — 0j,...;, m2(0) # 0.

Define M;},(0) as M (0) with m = my, and B,,(0) as LP estimators of order p for M},(0) computed
by using {(Yi(®ke, ), ke, )}, bandwidths hy,..., kg, and a common kernel function K, k = 1,2,
respectively. The next theorem is a building block of the two-sample test (4.2).

Proposition 4.2. Suppose Assumptions 2.1, 2.2 (i), 3.1, 4.1, and 4.2 hold with m = my, n = ny,
e =0ep, {65 ={ewp } =01, k= 1 2. Moreover, assume that n = ny, ni/ns — 6 € (0,00) as

n1 — oo and (n1(0), —12(0)) ([ Te(v)dv) (11(0), —n2(0)) > 0. Then, as n — oo,
VAt - hg {H ((B1(0) — B5(0)) — (Mi1(0) — M>(0))) — (Ba1(0) — B2(0))}
0
SN | (V00) + V2(0) - 2V5(0)) TS|
0
where

Enl(O) S 1B(dp)M(dp)(0) E (0) S~ lB(dp)M(dp)( )
7o) - (MBSO o) [ o).

91(0)
72(0) = (9“(”%“” O o) [ ae,m)dv) ,

g2(0)
V5(0) = m1(0)2(0) / Ce12(v)dv,

where Mfi’p)(ﬂ) are defined as Méd’p)(O) with m = my,.

An estimator of the asymptotic variance of the statistics 3;(0) — B5(0) can be constructed as
follows. For z € (—1/2,1/2)%, let M, s, (2) be the LP estimator (of order p) of my(z) computed

without {(Yk(Xk,Kk)aXk:,fk)}ékelk7 I, c{1,...,n;}, k=12
12



1 k
gnk(o) noh h ZKAh(kak)7
khi dzkzl
_ 1 ~
Vi1k(0) = by Z Kan(Xkp,) (Yi(Xhe,) — mk,—{ek}(Xk,zk/An))27 k=12,
lo=1
o A N — 1
Vin,2k(0) = P > Kan(Xo ) Kan(Xe g, 41)
=1
X (Yi(Xe,) = M (00 0013 (Xt /An))
X (Vi (X,pp+1) — My — g0 0013 (Xt r1/An)) , k=1,2,
o A ny  no
Vn,3(0) = W Z Z KAh Xl Zl)KAh(XQ Eg)
Gi=1 ls=1

X (Y1(X10) = M1} (X /An) (Ya(Xo,) — Mo (0} (X2, /An)) -
Proposition 4.3. Under the assumptions of Theorem 4.2, as n — oo,
0) = { A/ ©) & (Vo (0/ig?) | f (An/ma)V n12(0) + (Vi (0)/r”)
V,(0) := + —

o Vaa(0)/g”)
91,(0)9,,(0)

Define the test statistics

L V1(0) +V4(0) — 2V5(0).

Tn:jl---jL =

L 2
At (TTE Ry, ) D150 1(0) = .y 12(0)

\/Vn(O) (8j1..5.1)° (ff}l‘.‘jL5’1’C5’1€j1...n)

The asymptotic properties of the test statistics under both null and alternative hypotheses are
given as follows:

Corollary 4.2. Let 7 € (0,1/2). Under the assumptions of Theorem 4.2 with
Anhy . hd<(S ejr.gy ) BEP MY (0)) S0, n— 0.

Then, limy, o0 P(|Th j1..j. | > ql_T/g) = 7 under Hoj,..j, and limy, oo P(|Tp ;.. 5, | > q1_7/2) =1
under Hy j, ;. , where gi—r is the (1 — T)-quantile of the standard normal random variable.

5. UNIFORM CONVERGENCE OF LOCAL POLYNOMIAL ESTIMATORS

In this section, we consider general kernel estimators and derive their uniform convergence rates
(Section 5.1). Building on the results, we derive the uniform convergence rates of the LP estimators

for the mean function of the model (2.1) (Section 5.2).
13



5.1. Uniform convergence rates for general kernel estimators. For j =1,2,3, let f; : R —
R be functions such that f; is continuous on Ry s := (—1/2 — 4,1/2 + §)¢ for some § > 0. Define

~ 1
v _ Kap(X; — A
1(z) = n2AThy 2; An( nZ)
x f1,4n (X' — Anz) fon (X — Anz) f3,4 (Xi) Zx,, (5.1)
~ 1
v =— Kapn(X; — Ay
1(2) . ; An z)
X fr,an (Xi — Anz) fo a (X — Anz) f3,4 (Xi) (5.2)
where f; 4a(x) = f; ( Tar "?Ajja) for a = (ay,...aq)" € (0,00)% and {Zx,}", is a sequence

of real-valued random variables. Many kernel estimators, such as kernel density, Nadaraya-Watson,
and LP estimators, can be represented by combining special cases of estimators (5.1) or (5.2). In
this study, we use the uniform convergence rates of these estimators with

1 1 .
f1 { Cji.jr ( P > ’691,1-~~j1,L1 ( P > (1 x/)€j2,1-~j2,L2}?

L
f2 € {LH%}, fs e {1,n,06, {01 jpomh<i<-<jpi<d)» Zx; € {e(Xi),&i}
=1

We assume the following conditions for the sampling sites { X} ;:

Assumption 5.1. Let g be a probability density function with support Ry = [—1/2,1/2]%.
(i) Ap/n — Kk € [0,00) as n — 0o,
(i) {X; = (Xin,..., Xia)}Py is a sequence of i.i.d. random vectors with density A;%g(-/A;)
and g is continuous and positive on Ry.
(iii) {X;}", and {Zy : x € R4} are independent.

We also assume the following conditions on the bandwidth h;, the random field {Z : = € R%},
and functions f;:

Assumption 5.2. Forj=1,....d, let {A,1itn>1, {Anoitn>1 be sequence of positive numbers.
J Jinz JInz
(i) The random field {Zy : © € R} is stationary and E[|Zo|%] < co for some integer gz > 4.
(i) Define oz(x) = E[ZoZz). Assume that [gq |0z (v)|dv < co.
(iii) min{Angd, ’::;;, iﬁif; } — 00 as n — o0.
(iv) The random field {Zz : x € R} is B-mizing with mizing coefficients B(a;b) < B1(a)wws(b)
such that as n — oo, hj — 0,1 < j <d,

h N}
sup Ja(hyy, ava) € (¢y,,Cy,) for some 0 < ¢y, < Cy, < 00, (5.3)
vERy 5 f2(h’17"'7h’ )
(1) > :
iln ~1, Aﬁhl‘“hd)zl > 1 for some ¢ € (0,00) (5.4)
(Anl)d nl/ae (A 1)d(log n)2+‘
n2A,h1...h
%Bl (Anz)WQ(Anhl . hd) — 0, (5 5)
(Ar7)?logn
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where

d
AV =T Antjs Ani = max Ay, A, = min Ay
n 1 nl,js nl 1<;<d nl,jy, Anl 1<j<d nl,js
J:

Apz = max Apgj, Apy = min Ap ;.
1<j<d 1<j<d

(iv) fi : RY — R is Lipschitz continuous on RY, i.e., |fi(v1) — fi(ve)| < Ly |v1 — va| for some
Ly, € (0,00) and all vi,v2 € RY, and fo and fs are continuous on Ro.

When Zx, = ¢;, we interpret {Z, : * € R%} as a set of i.i.d. random variable and in this
case oz(x) = 0 if & # 0. Condition (5.5) is concerned with large-block-small-block argument
for S-mixing sequences. To derive uniform convergence rates of kernel estimators, we need to
care about the effect of non-equidistant sampling sites when applying a maximal inequality and
it requires additional work compared with the case that sampling sites are equidistant. Indeed,
in place of using results for (regularly spaced) stationary sequence, which cannot be applied to
the analysis of irregularly spaced nonstationary data, we construct “exactly” independent blocks
of observations and apply results for independent data to the independent blocks since there is no
practical guidance for introducing an order to spatial points as opposed to time series. Precisely,
we first reduce the dependent data to not asymptotically but exactly independent blocks in finite
sample by extending the blocking technique in Yu (1994)(Corollary 2.7), which does not require
regularly spaced sampling sites. Then apply a maximal inequality for independent and possibly
not identically distributed random variables to the independent blocks. In Section 6, we will show
that a wide class of Lévy-driven MA random fields satisfies our S-mixing conditions.

Remark 5.1 (Discussion on S-mixing conditions). Lahiri (2003b) established central limit theo-
rems for weighted sample means of bounded spatial data under a-mixing conditions. Lahiri’s proof
relies essentially on approximating the characteristic function of the weighted sample mean by that
of independent blocks using the Volkonskii-Rozanov inequality (cf. Proposition 2.6 in Fan and Yao
(2003)) and then showing that the characteristic function corresponding to the independent blocks
converges to the characteristic function of its Gaussian limit. However, characteristic functions are
difficult to capture the uniform behavior of the LP estimators over compact sets so we rely on a dif-
ferent argument than that of Lahiri (2003b). Indeed, we use a stronger blocking argument tailored
to B-mixing sequences; cf. Lemma 4.1 in Yu (1994). Further, we cannot apply other techniques
for dependent data such as m-dependent approximation under a physical dependence structure (cf.
El Machkouri et al. (2013)) since the technique is designed for regularly spaced random fields on
72, We also note that it is not known that the results corresponding to Corollary 2.7 in Yu (1994)
hold for a-mixing sequences; see Remark (ii) right after the proof of Lemma 4.1 in Yu (1994).

We assume the following conditions on the kernel function K:

Assumption 5.3. Let K : R — R be a kernel function such that

(i) [ K(z)dz = 1.
(i) The kernel function K is bounded and supported on [~Cy,Ck|? C [~1/2,1/2]? for some
Cx > 0. Moreover, K is Lipschitz continuous on R?, i.e., |K(v1) — K(v2)| < Li|vy — v2

for some Ly € (0,00) and all v1,vs € R,
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(iii) Define Hér) = [ K"(2)dz, KE’:?MJM = [TIML, 2, K" (2)dz, and

!

L
z:=(1,(2)],....(2),), (z)L = (H zﬂ) 1< L<p.
(=1

1<ji1<<jr<d
1
The matriz S = [ ( B > (1 2")K(z)dz is non-singular.
The next result provides uniform convergence rates of \TJI and \T/H.

Proposition 5.1. Suppose that Assumptions 5.1, 5.2, and 5.8 hold. Then as n — oo, we have

~ ~ logn
sup Ui(z) — ElV(2)|| =0, | |fo(h1,...,h _ |, 5.6
ORI | p<| N = (5.6)
~ ~ logn
sup qfn<z>—E[\Ifn<z>11=op(|f2<h1,...,hd>| hgh> (5.7)
z€[—1/2,1/2]¢ nny...Nng

5.2. Uniform estimation of the derivatives of the mean function. In this section, we provide
uniform convergence rates of the LP estimators. We assume the following condition on the mean
function m, the variance function 7, and {e, ;}:

Assumption 5.4. Recall Ry = [-1/2,1/2]%.

(i) The mean function m is (p + 1)-times continuously partial differentiable on Ry and define
Ojy.jom(z) :=0m(2)/0z, ... zj,, 1 < j1,...,jp <d, 0 < L <p+1. When L =0, we set
Ojr. gy (2) = Ojym(2) = m(2).

(ii) The function n is continuous over Ry and inf,cp, n(z) > 0.

(ii) The sequence of random variables {e;}]_; are i.i.d. with E[e1] =0, E[€2] =1, E[|e1|?] < 00
for some integer g1 > 4, and the function o.(-) is continuous over Ry and inf,cp, 0-(z) > 0.

The next result provides uniform convergence rates of LP estimators 0}, .. ;, m(z).

Theorem 5.1. Define T,, = H?Zl[—l/Z +Ckhj,1/2 — Ckhj]. Suppose that Assumptions 5.1, 5.2
(i), (i), (iii), (5.4), (5.5), 5.3, and 5.4 hold with (with Zg = e(x) and q1 > q2). Moreover, assume
that n}f-%d —0asn—o00. Then for1<j1 <---<jp <d,0<L<p, as n — oo, we have

SEUP ‘8j1-»-ij<z) - 6j1---ij(z)|
z n

P+l
Zl§11§~~'§jp+1sd I1eZy by, logn

f D)
[12 Ry, Aphi ... hq ( %:1 h]e)

:Op

6. EXAMPLES

In this section, we discuss examples of random fields to which our theoretical results can be
applied. To this end, we consider Lévy-driven moving average (MA) random fields and discuss their
dependence structure. Lévy-driven MA random fields include many Gaussian and non-Gaussian
random fields and constitute a flexible class of models for spatial data. We refer to Bertoin (1996)
and Sato (1999) for standard references on Lévy processes, and Rajput and Rosinski (1989) and

Kurisu (2022) for details on the theory of infinitely divisible measures and fields. In particular, we
16



show that a broad class of Lévy-driven MA random fields, which includes continuous autoregressive
and moving average (CARMA) random fields as special cases (cf. Brockwell and Matsuda (2017)),
satisfies our assumptions.

Let L = {L(A) = (L1(A), L2(A)) : A € B(R?)} be an R%-valued random measure on the Borel
subsets B(R?) that satisfies the following conditions:

1. For each sequence {A,,};,>1 of disjoint sets in RY,
(a) L(Un>14m) =>,51 L(An) a.s. whenever Uy,>14,, € B(R?),
(b) {L(Am)}m>1 is a sequence of independent random variables.

2. For every Borel subset A of R? with finite Lebesgue measure |A|, L(A) has an infinitely
divisible distribution, that is,

Elexp(i6/L(A))] = exp(|Al4(9)), 0 € B2, (6.1)

where i = /=1 and 7 is the logarithm of the characteristic function of an R2-valued
infinitely divisible distribution, which is given by
1 Y
1/1(9) = i0/’70 — 59/200 + / {619 ®_1-— 19/.’131{||w||<1}} Vo(dw),
R2 B

where vo = (70,1,70,2)" € R2, ¥y = (00,jk)1<jk<2 is a 2 X 2 positive semi-definite matrix,
and g is a Lévy measure with [p min{l, ||z|?}vo(dz) < oo. If vy(dx) has a Lebesgue
density, i.e., vp(dx) = vo(a)de, we call vy(x) as the Lévy density. The triplet (o, X0, o)
is called the Lévy characteristic of L and uniquely determines the distribution of L.

By equation (6.1), the first and second moments of the random measure L are determined by
L L
B[L;(4)] = 5| A], Cov(L;(A), Li(A)) = o} |A],

;L) = fiag—e(jo) and U](’I,;) = —gz%glz.
The following are a couple of examples of Lévy random measures.
o If () = —0'336/2 with a 2 x 2 positive semi-definite matrix X, then L is a Gaussian
random measure.
o If )(0) = X [po(exp(i0'z) — 1)F(dx), where X > 0 and F' is a probability distribution
function with no jump at the origin, then L is a compound Poisson random measure with

where p

intensity A and jump size distribution F'. More specifically,
oo

L(A) =) Jil,(A), AcBRY),
i=1

where s; denotes the location of the ith unit point mass of a Poisson random measure on R?
with intensity A > 0 and {J;} is a sequence of i.i.d. random vectors in R? with distribution
function F' independent of {s;}.

Let ¢ = (¢;1)1<jk<2 be a measurable function on R? with ¢, € L (R?) N L>®(RY). A bivariate
Lévy-driven MA random field with kernel ¢ driven by a Lévy random measure L is defined by

e(x) = /Rd o(x —u)L(du), x € R (6.2)

Define pg, = (ugL)7 MgL))/ and ¥, = (O'J(»Il;))lgjykgg. The first and second moments of e(x) satisfy

Ele(0)] = K(L) /Rd ¢(u)du, Cov(e(0),e(x)) = /Rd ¢(x — u)Xpo(u)du.
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We refer to Brockwell and Matsuda (2017) for more details on the computation of moments of
Lévy-driven MA processes.

Before discussing theoretical results, we look at some examples of univariate random fields defined
by (6.2). Let a.(z) = 27 + a1z~ + -+ + ap, = [[2,(2 — \;) be a polynomial of degree py with

real coefficients and distinct negative zeros Ai,..., A\, and let by(z) = by + b1z + -+ + by 2% =
L, (z — &) be a polynomial of degree gy with real coefficients and real zeros &i,...,&, such
that by, = 1 and 0 < gy < pp and \? # 5]2- for all i and j. Define a(z) = [[%2,(2? — A\?) and

b(z) = []2,(2% — ¢?). Then, the Lévy-driven MA random field driven by an infinitely divisible
random measure L with

Po
_ N ) e
(f)(ﬂ?) - Zz:; a/()\i)e )
where a’ denotes the derivative of the polynomial a, is called a univariate (isotropic) CARMA (po, qo)
random field. For example, if the Lévy random measure of a CARMA random field is compound
Poisson, then the resulting random field is called a compound Poisson-driven CARMA random
field. In particular, when
¢(x) = (1 =) exp(Arf|zl]) + < exp(Aaflz]),
where ¢ is a parameter that satisfies
A — &2\ S
— = A1 <A<0, L0
)\%_62)\2 1_§7 1 2 ’g_ )
then the random field (6.2) is called a CARMA(2,1) random field. This random field includes
normalized CAR(1) (when ¢ = 0) and CAR(2) (when ¢ = —XA;/(A2 — A\1)) as special cases. See
Brockwell and Matsuda (2017) for more details. We note that although we focus on isotropic case,

it is possible to extend the results in this section to anisotropic Lévy-driven MA random fields.

Remark 6.1 (Connections to Matérn covariance functions). In spatial statistics, Gaussian random
fields with the following Matérn covariance functions play an important role (cf. Matérn, 1986; Stein,
1999; Guttorp and Gneiting, 2006):

M(x;v,a,0) = o?|lax||'K,(]|ax|), v > 0,a > 0,0 > 0,

where K, denotes the modified Bessel function of the second kind of order v (we call v the index
of Matérn covariance function). Brockwell and Matsuda (2017) showed that in the univariate case,
when the kernel function is ¢(x) = [jaz||” K, (||ax||), which they call a Matérn kernel with index
v, then the Levy-driven MA random field has a Matérn covariance function with index d/2 + v.
For example, a normalized CAR(1) random field has a Matérn covariance function since its kernel
function is given by ¢(x) = exp(—||\iz|) = \/(2/7r)H)\1:1:||1/2K1/2(||)\1a:]|) for some A\ < 0.

In general, if ¢ depends only on ||z||, i.e., ¢p(x) = ¢(||x||), then e is a strictly stationary isotropic
random field and the second moment of e(x) satisfies

Cov(e(0), e(z)) = /Rd d(lz — ul)XLo([lu])du.

Consider the following decomposition:

e(@) = [ | ¢le = wpin (o —ul s m,) Dldu) + [ (e =) (1 = o (|2 = ul s m,) Dldu)
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= elamn (:B) + ezvmn ("'E)7

where m,, is a sequence of positive constants with m,, — oo as n — oo and 9o(- : ¢) : R — [0, 1] is
a truncation function defined by

1 if |x| < c¢/4,
Yo(r:c) =K —2(z—5) ifc/d<|z|<c/2,
0 if x > ¢/2.

The random field ey, = {€1.m,(Z) = (e11,m, (x), €12.m, (x))’ : © € R} is m,-dependent (with
respect to the ¢2-norm), i.e., €1, (1) and €y, (z2) are independent if ||z —x2|| > my,. Also, if the
tail of the kernel function ¢(-) decays sufficiently fast, then the random field es,,, = {€2m,(x) =
(€21,m,, (), €22,m,, (x))’
e by the m,,-dependent process ej ,,, and verify conditions on mixing coefficients in Assymptions

. x € RY} is asymptotically negligible. In such cases, we can approximate

2.3, 4.1, and 4.2 as shown in the following proposition.

Proposition 6.1. Consider a Lévy-driven MA random field e defined by (6.2). Assume that
dik(x) = Toyjke_”’f’“”w“ where |ro x| > 0 and r;, > 0, j, k = 1,2. Additionally, assume that
(a) the random measure L(-) is Gaussian with triplet (0,30, 0) or
(b) the random measure L(-) is non-Gaussian with triplet (v0,0,v0), pry = (0,0), and the
marginal Lévy density vo j(x) of L;(-) is given by

1 —co, || 03 Claj
I/07j(x) = m <CO,j€ 0,5l + W 1R\{0} (:L‘), (6.3)

where Qg > 0, ﬂod‘ > —1, 6173' > 0, ﬂO,j + ﬁl,j > 6, Co,j > 0, C(),j >0, 017]‘ > 0, and

C(),j + Cl,j >0,7=1,2.
Then eg m,, ts asymptotically negligible, that is, we can replace e with ey ., in the results in Section
4. Further, ey, satisfies Assumptions 2.3, 4.1, and 4.2 with A, ; ~ néo/d, Ap1j = AY Apaj =

n7j’
ACz

nljs Mn = A2 and hj ~ n=%/d where Co, (1, (2, and (3 are positive constants such that

L=n2

% + 2 Cod % + 2
<°€<0’ d )’Cle(d+2p+2’d+2p+2 )

¢ E(Omin{ 2 1-— Cod 2p+2 — })
2 ’ 2+ dmax{L, ¢} Gd+2p+2) G(d+2p+2) ’

G (gagrgmn{pagot-aurana(i-(1+50)e)}).

Remark 6.2. When d = 2 and p > 1, the conditions on {Cj}?:o are typically satisfied when
=1 ¢ = 210%’ (2 € (O, %) The Lévy density of the form (6.3) corresponds to a compound

Poisson random measure if 8y ; € [-1,0), a Variance Gamma random measure if o ; = 1, 8p,; = 0,
C1,; = 0, and a tempered stable random measure if 5y ; € (0,1), C1; = 0 (cf. Section 5 in Kato
and Kurisu (2020)). It is straight forward to extend Proposition 6.1 to the case that ¢ is a finite
sum of kernel functions with exponential decay. Therefore, our results in Section 4 can be applied
to a wide class of CARMA (po, qo) random fields and extending the results to anisotropic CARMA
random fields (cf. Brockwell and Matsuda (2017)) is straightforward.

The next result provides examples of Lévy-driven MA random fields that satisfies assumptions

in Theorem 5.1.
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Proposition 6.2. Consider a univariate Lévy-driven MA random field e defined by (6.2). Assume
that ¢(x) = roe "=l where |ro| > 0 and r1 > 0. Additionally, assume Conditions (a) or (b) in
Proposition 6.1. Then e, is asymptotically negligible, that is, we can replace e with ey, in

the results Theorem 5.1. Further, €1, satisfies Assumption 5.2 with A, ; ~ nSo/d, Apj = A%

n,j’
Apay = Affl,j’ my, = Ai/;’ and hj ~ n=%/4 where (o, C1, Ca, and C3 are positive constants such that
G>g GLE (0, i ﬁ)f (2 €(0,1), and (3 € (O’min{l’CO(l — %) - q%})

7. CONCLUSION

In this paper, we have advanced statistical theory of nonparametric regression for irregularly
spaced spatial data. For this, we introduced a nonparametric regression model defined on a sampling
region R, C R% and derived asymptotic normality and uniform convergence rates of the local
polynomial estimators of order p > 1 for the mean function of the model under a stochastic
sampling design. As an application of our main results, we discussed a two-sample test for the
mean functions and their derivatives. We also provided examples of random fields that satisfy our
assumptions. In particular, our assumptions hold for a wide class of random fields that includes
Lévy-driven moving average random fields and popular Gaussian random fields as special cases.
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APPENDIX A. PROOFS FOR SECTION 4

A.1. Proof of Theorem 4.1.

Proof. Define h := (hy,...,hq)" and for ¢,y € R let x oy = (21y1,...,2qyq) be the Hadamard
product. Considering Taylor’s expansion of m(z) around z,

.
m(X/A) = (LXDM() + S P m(k/a) H

! Sji.j
(p+ ) 1<j1 < ppr<d SIdpt Jz

where X; = z + 6; X for some 6; € [0,1). Then we have
B(0) — M(0) = (XWX') "' XW(Y — X'M(0))

_ [gmh (X)) ( ; > (1 X;)} _1§KAh (X)) ( ; )

+
1 )
X | eni+eni+ > 01 U X/ Ap) H i

S i :
1<j1 < Spar<d I InH Anie

This yields
VAuhy . haH(B(0) — M(0)) = S;1(0)(V,(0) + B,(0)),

where
1 " 1
0) = Kan (X)H Y 2 1 XHhH!
5.(0) = M;Au» (% )axom,
VAR 1
Vi (0) = Yo 1- ZK an (X)) H™! %, ) (éni + €nyi)
= (Vajr.. jL(O))1<j1<~--<jL<d 0<L<p>
VAR .. 1
Bu(0) = ~ = ZKAh %,
1 ptl x,
<D O m(X/An) H AnJ;
4

s
1< <o jpp1<d I Tp

—_ . . y ,

=: (Bn,h...JL(X))lgjlg---gngdnngp-

(Step 1) Now we evaluate S, (0). By a change of variables and the dominated convergence theorem,

we have
Bls,0)] = 2 [ (L) (0 ) ) gl
:hA A hd/K <;>(1w’)g(woh)dw

(oo o (&) owe)a



For1<jign<--<jir, <d, 1<jo1 << Jap, <d,0< Ly, Ly < p, we define

1 - o Xijre e Xijo,e
5,1, ©J2,
In7j1,1‘~j1,L17]'2,1~~j2,L2 = nhy hy ZKAh (X5) H (A ] hll ) H <A ] h2' ) :
i=1 lo=1

n,91,01 991,00 N,J2,05 %7205

b=

Then, by a change of variables and the dominated convergence theorem, we have

Var( 701,101, Ly 5J2,1-- ]2L2>

B K (X1) ﬁ Xijie, ﬁ Xijae,
= 1 B S T T
hd)Q An,jl,el hjl,el lo—1 Amjz,ez hjz,e2

l1=1

= /H J1z H J2£2K2 ZOh)dZ

/Hz]uleJ” )g(z o h)dz

(=1
(2)
- nhi...hg g(O Fj, 1o J1,01 02,102, L9 J1,1---01,L1 J2,1---J2, L + O(1>

—%<g<o>m‘-”» oy HO()?

J1,1--:J1,L192,1---J2, Lo

(2)

g(O)K/jl,l-~-j1,L1j2,1~-~j2,L2j1,1-~-j1,Llj2,1~-~j2,L2 1

= “+ o0 .
nhi...hy nhy hq

Then for any p > 0,
(1)
(|I n,91,1---J1 L17J21 ]2 Lo - (O)K]11 J1 L1j21 ]2L ‘ > p)

2
-1 o (1)
< p { ar<I N,J1,1-01,Lq 502,172 LQ) + (E[I”Jl,lm]l,Ll7]2,1-~]2¢L2] - g(O)Hjl,l...jlyLljzyl...jQ’LZ

_0 <nh11hd> +o(1) = o(1).
0

This yields In j 1.1 1, o121, LN 9(0)x Ry dnp dot ooy Hence we have
Sn(0) 5 g(0)S.

(Step 2) Now we evaluate V;,(0). For any t = (to,t1,...,ta,t11,- > tdds -+, t1..15- -+ ta.a) € RP,
we define

7,(0) i #tv (0) = iﬁ;mh (X)) {t’Hl ( )1( )} (ens +2ni)-

In this step, we will show that
t'V,(0)

4N (0,9(0) {m(nQ(O) + 02(0)) —|—772(0)g(0)/ae(v)dv} /K2(z) [t’( i >rdz> . (A
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Before we show (A.1), we introduce some notations. For zo = (201,...204) € R? and £ =
(01,...,09)" € 7% let

[ 2 (€;0) Anjjzoj + (4 — 1/2)Ans g, Anjzo + (€5 +1/2) Aps 4]

||’:]&

with A3 = Anp1j + Ana,j, and define the following hypercubes,

Tz (8 A) = HJJZO A= (A, Ay €{1,2}9,

where

La(A) = {(An,jzo,j + (6 = 1/2)Ans gy Anjzog + (6 = 1/2)Anzj + An gl iEA; =1,
(An,jZO,j + (EJ — 1/2)147137] + Anl,j7 An’jZ()’j + (ﬁj + 1/2)14"3’]] if A] = 2.
Let Ag = (1,...,1)". The partitions I', ,,(€; Ag) correspond to “large blocks” and the partitions
Tz (€5 A) for A # Ay correspond to “small blocks”. Let Lyi(z0) = {£ € Z¢ : T,,,(£;0) C
R, N (hR, + Anzo)} denote the index set of all hypercubes I'y, -, (£;0) that are contained in R,, N
(hR, + Anzp), and let Lya(z0) = {€ € Z9 : T, 2, (£;0) N Ry, N (AR, + Anzo) # 0,1,(€;0) N (R, N
(hR,, + Ay,z))¢ # 0} be the index set of boundary hypercubes. Define I',(€; A) = T'y, 0(€; A),
Lnl = Lnl(O), LnQ = LnQ(O), and

~ 1
Val:a)=" > Kam(X) {t’H‘1 ( s )] (en,i + €nd)-
©:X:€0, (LA)NAR, !

Note that by our summation convention, V,(€; A) = 0 if the set {i : X; € I',(&;A) N hR,} is
empty for some £. Then we have

=) WA+ > Y VA + > Y VugA)

0EL, A#Ag LELn AE{1,2}4 £ELn2
= Vot + Vi + Vs,
Note that for £1,€5 € L1,
d (T (€15 80), Tn(€2; Ag)) = min{[€y — £of, 0} A3 + Ao, (A.2)

where AnS = minlgjgd Ang,j and AnQ = minlgjgd AnQ,j-
Hence, by the Volkonskii-Rozanov inequality (cf. Proposition 2.6 in Fan and Yao (2003)), we
have

. T .5 Aphi...h
Elexp(iuVp1)] — H Elexp(iuV,,(£; Ao))]| < <;1(1)d> a(A,9; Anhi ... hq). (A.3)
KGLnl n

From Lyapounov’s CLT, it is sufficient to verify the following conditions to show (A.1): As
n — 0o,

E[V;}(0)] — g(0) {Fe(nz(O) +02(0)) +1n*(0)g(0) /ae(’v)dv}

X /KQ(z) {t’( i )}2dz, (A.4)
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> E[Vi(8: M) — E[V,(0)] =0 (n*A hy . hy) (A.5)

el
3" E[VAEAg) = o ((nQA,;lhl . ..hd)2> : (A.6)
L€ Ly
Var(Vy2) = o (n*A; hy .. k), (A7)
Var(V3) = 0 (n*A;hy .. k). (A.8)

In the following steps, we show (A.4) (Step 2-1), (A.6) (Step 2-2), (A.7) and (A.8) (Step 2-3),
and (A.5) (Step 2-4).

(Step 2-1) Now we show (A.4). Let d;; be a function such that §;; = 1 if i = j and J;; = 0 if
1 # 7. Observe that

02(0) == E|x (‘72( ))
_ZtH < . )tH (;j)KAh(Xi)KAh(Xj)

i,j=1
X{U(Xi/An)n(Xj/An)Ue( i X)+U (Xi/An) lJ}

Thus we have

Ex [UTQL(O)]

= A / e (o h ) )] ) () o0 st

n(n —1)A,, /tH ( mI}A >1§’H‘1 ( (mg;An) )KAh(wl)KAh($2)
x n(x1/An)n(x2/An)oe(T1 — 22)g(21/An)g(T2 /A )dE1d22

—. 42 2
== O’n71 + O'n72.

For o2

n1: We have

on 1 =nhi.. hd/[t’< 1 )FKQ (z){n*(zoh)+0Z(zoh)} g(zoh)dz

z

=nhy ... hqg(n*(0 </K2 [’( . )] dz> (14 o(1)). (A.9)

2
For o7, 5, we have

02 =n(n— 1)/RZ oe(An(yr — y2)) [t,Hl ( gll )] [t,Hl ( 2]12 )]

0

x Kn(y1) Kn(y2)n(y1)n(y2)g(y1)g(y2)dy1dys

— n(n - 1><h1...hd>2/th% OelAn(z1 —22) o h) H : )] H g )}

x K(z1)K(z2)n(z1 0 h)n(z2 0 h)g(z1 0 h)g(z2 o h)dzidz,



=n(n— 1>(h1"'hd)2/;,o 7e(Anw o h) </Rh,o(w) [t/< (zgiw) )} :t/< 512 ﬂ

XK (z2 +w)K(z2)n((z2 + w) o h)n(z2 0 h)g((z2 + w) o h)g(z2 o h)dzy) dw

=n(n=Dhi..hg /;lR;,o el </Rh,0(u/h) {t/ < (22 + 1}0 h=1) ) [t, ( 512 ﬂ

XK (22 +wo h™ K (za)n(z 0 b+ wn(zs o h)g((z2 o b + w)g(z o h)dzs) du

1
B S TP T7ED
nhR;LO Rp,0((voh=1)/Ay) <Z2—|— A, ) Z2

1
><K<z2+v(j4h >K(Z2 <z20h—|—A )n(zgoh)g(zgoh+:)g(zgoh)dz2>dv

where

R/h70 = {w =21 —22:21,29 € h_lRo}, th(w) = {Zg 129 € h_lR() N (h_lRO —+ w)},
AnhR/}L70 = {(An,lxla .o 7An,dxd) L= (.731, .o ,Id)/ S hR;L,O}

We divide the integral fAnhR;l,O into two parts fAnhR;’oﬂ{\UISM} and fAnhR;L’Oﬂ{IvbM} for some

M > 0 and define these as 0721721 and 0721722, respectively. Observe that as n — oo

102 ] < / o6 ()|
{lv[>M}

which can be made arbitrary small by choosing a large M. Further, observe that as n — oo

1
1
AR, N {|jv]| <M t [t’< . )]
{ h,0 {| | }} R o(0/(Anh) |: < (Z2+ voh 1) >‘| 2

voh™! v v
><K<z2+ (11 )K(zz)n<220h+ATL>77(z20h)g<zzoh+A

= 1{|v| < M}1*(0)g*(0) (/K2 [ ’< }2 )]2d22> (1+0(1)).

Then as n — oo, we have

02 51 = 12(0)g%(0) </{|U§M} ae(v)dv> (/ K2(25) [t’ ( 212 )]Qd@) (1+ o(1)).

Therefore, we have
K2(2) [t/< i >]2dz> (1+o(1). (A.10)

) otz o m)dz

7ty = At O%0) ([ oeto)an)

By (A.9) and (A.10), we have
Var(t'V,,(0))

= 9(0) {(32(0) + 02(0) + (0)9(0) [ oefo)do} ( [ () )]de) (1 +0(1)).
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(Step 2-2) Now we show (A.6). Define I,,(€) = {i € Z¢ : i + (—1/2,1/2]7 C T'n(€; Ag)} for
£ e L, and

V(i) = ZKAh (X:) [t/H_l < ; )] (eni +eni){X; € [i+(-1/2,1/2] N R, }.
i=1 v

Observe that
E[V,}(£; Ao)]

4
=F ( > Vn(i)) ]
i€, (£)

- Y Bla)+ Y B[RenG]+ Y 2[Reve)

1€, (L) 1,JE€In(£),i£] i,5€1n(£),i#]
Y B[PV + > E Vi)V () Va (k) V()
i,5,k€ln (£)i#j#k .4,k pEln(£),i#j#£k#p

= Qn1 + Qn2 + Qnz + Qna + Qns.

For @1, we have

E[V,(3)]
= Ex [E.\x[~4(')]]
= Xn: HKAh [tH ( lek )] X, € i+ (-1/2,1/2]) N Ry}
B e + o]
s Xn: 5| T K (x [tH <lek >H1{Xjk € i+ (~1/2,1/2) N Ruln(X;, /An)
+ i f[ Kan (Xjy) [t’H‘1 < Xl )”1{Xjk € i+ (-1/2,1/21 N Ry}oo (X, /An)
J1.g2.3.4=1 Lk= I
=: Qn11 + Qni2.
For Qn11, we have
Qn1
<nE ||Kap (Xl){ t'H! ( ;1 )] Xy €i+(—1/2,1/2/ N Ry (X1 /An)
+n2E || Kap (X1) [ tH™ (; )] X, e[i+(-1/2,1/219 N R,}
x | Kap (X2) [t/H 1< X, >” Xy € i+ (~1/2,1/2] ]ﬂRn}nP’(Xl/An)n(Xz/An)}
+n2E || Kan (X)) [t’H ! (; )] X, e[i+(-1/2,1/29 N R,}




H{Xs e [i+(—-1/2,1/21 N R,}

o for ()]

< (X1 /An)n? (X2/An)]
% >]
!
!
1

2

+n’E X, eli+(—-1/2,1/29 N R,}

Kap (X1) [

1{X, € [i+(—1/2,1/2]% N Ry}

_ 1
X |fan (X2) [ 1 ( X
1

{
|
Jrwons o (4, )
|
|

|
} 1{Xs € [i+ (—1/2,1/2]4 N R,}
3/An)

X, )] ' HX1 € [i (-1/2,1/2 0 R}

xn*(X1/An)n(Xa2/An)n(X

Kap (X1) {t H™

1’L

+n'E

X |Kap (XQ) HXse[i+(-1/2,1/29 N R,}

- (
X KAh(Xg) tH < H{X3eli+(—1/2,1/2] N R,}

1
X,
1
X;
X KAh(X4) tH < ;4 ) 1{X4€[i+(—1/2,1/2}d]ﬂRn}

XUQ(XI/An)U(XZ/An) (X3/An)n(X4/An)]
=: Qni11 + Qni12 + Qni13 + Qnira.

For 111, we have

Quin=nai! fsomie) e () )
<o (a/ A (e /A

—nAglAnhl...hd/‘K(z) [t/< i )]

%1 (z o h)g(z o h)dz
=0 (nA;l) .

4
Hxeli+(-1/2,1/2/ N R,}

Hzohe i+ (-1/2,1/2]Y /A, Nn[-1/2,1/2]%}

Likewise, Qn112 = O(n?A.2), Qni13 = O(n3A;?), and Qu114 = O(n*A,;*). Then we have Q11 =
O(n*A;*). We can also show that Q,12 = O(n*A;*). Therefore, we have

Qu S [(O)n* A" < AP (nA (A.11)
For @2, by the a-mixing property of e and Proposition 2.5 in Fan and Yao (2003), we have
Ant . ~
Q<Y > o'~ (min{k — d, 0}; ) B[V, ()| ]/ E[|Va (5)] ]/

k=14,jel,(0),|i—j|=k
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an
< AW (na; (1 +) kdla}4/Q(k)> . (A.12)

k=1

where A, = maxi<j<q An1,;. Likewise,

an
Qns < AW (nA-1H) (1 +) kdla}“l/%k)) . (A.13)
k=1

Now we evaluate Qn4 and Q5. For distinct indices ¢, 7, k, p € I,,(£), let

di(%, 3, k) = max{d({i}, {3, k}),d({k},{3,5})},
da(4, 3, k, p) = max{d(J,{¢,3,k,p}) : ] C {i,3,k,p},[J] = 1},
ds(i,,k, p) = max{d(J, {4, 5, k,p}) : J C {i,4, k,p}, [J] = 2}.
Here, d; denotes the maximal gap in the set of integer-indices {¢,j,k} from either j or k which
corresponds to E [1773 (z)f/n(_])f/n(k)] Similarly, do and dg are the maximal gap in the index set

{1,4,k,p} from any of its single index-subsets or two-index subsets, respectively. Applying the
argument in the proof of Lemma 4.1 of Lahiri (1999), for any given values 1 < do1, doz2, dos < [In(€)],

we have
[{(, 5. k) € T}(£) -5 # j # k and di (3, 5, k) = don }] S dgi " [1n ()], (A.14)
[[{(Zaj7k)p) € Iﬁ(f) i1 7é .7 7& k 7é Db, d?(iaj)kap) = dO?a and dS(’ivjakap) = dOS}]]
< (dog + doz)* M [1.(£)]. (A.15)
For Qn4, by (A.14) and applying the same argument to show (A.12), we have
an
Qua S AD S K (min{k — d, 0}; 2) B[V ()| )1 B[V (5) )9 B[ Vo ()] /4
k=1
an
S AP A [ 14+ 3 K Lay k) | (A.16)
k=1

Define
L1 (€) = {(3,5,k,p) € [,(£) : i # j # k # p, da(3,5,k,p) > d3(i, 4, k,p)},
In2(£) - {(7’?.77kap) € I:’LL(E) i1 7é .7 7& k 7é b, dQ(iajvkap) < d3(17.73k7p)}
For Qn5, by (A.15) and applying the same argument to show (A.12), we have

D DA AT AT A S S A VACTAC N ATIAT
(4.3.k,p)ELn1(£) (4,3.k,p)ELn2(£)
An1
S AW B Y9 (min{k — d,0};3)
k=1
X B[V (8)| 79[|V, (5)[9) /2B (| Ve (R) ] V9 B Vi (p) 4]/

2
+( > \E[Vnu)%(jn()

1,5 €I (£),i#]



an
+ AW K (min{k — d,0};2)
k=1
X E[[Va ()] E(|Va(5) |4 B[ Vo (k)] 2 E[| Vo (p) 1]/

an
< (A2 (nATH! (1 + Z 21014 q(k)) . (A.17)
k=1

Combining (A.11)-(A.17), we have

> E[V, (6 A)] ZE[(Z%@))]

£ Lin el el (8)
an
- 1 1-4
S Lot (ADP (A [ 14+ Koy (k)
k=1

Aphy ... h & /
nhi...hg D\2( 4—1\4 2d—1,1-4/q
S (A%I)) (A2 (A [ 1 +Zk oy (k)

k=1
=0 ((nQAglhl - hd)2) .
(Step 2-3) Now we show (A.7) and (A.8). Define
={icZ%: (i+(-1/2,1/2]") NhR, # 0},
In1 = Ueer,, In(€),
Jn2 ={i € Jn 1i+ (—1/2,1/2] C T,(£; A) for some £ € L1, A # A},
Jn3 - Jn\(Jnl U J’n2)

N d—1
Note that [J,2] < (An1)? 1A, (%) and [Jn3] < A(l) (A ) . Then, applying the same

argument to show (A.12), we have

k=1
— d —
Anl An2
< (Zn1) (Z22) A p, ..
~ <An1 ) <An1 ) '
=0 (nQAglhl .. ha).

Var(Voz) S [zl (n A (1+de Loy~ W%)

k=1

A(1)> ( (A7) ) ( ) Ly
= Aphy . hamAD2 14 K e (k)
(Azl Aphi.. . hy A,h ; 1

=0 (nQAglhl ... ha).

k=1

A

Var(Vi) < [Jno](nA; 1) (1 +> kdla}”qug)>
Ay

(1 +> kdla}‘”q(k))
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(Step 2-4) Now we show (A.5). By (A.7) and (A.8), we have for sufficiently large n,
E[VA] = El(Va(0) = (Vaz + Vaa))) < 2 (El(Va(0))?] + El(Vaz + Vas)?]) < 4E[V(0)].
Thus, by (A.2), (A.7), and (A.8), we have

> E[V#; Ag)] — E[VZ(0)]

bELp

< | Y BV Ao)l - EVA)| + 2E[(Vaz + Vas) ] P EIVA]Y? + E(Vaz + Vis)?)

LeLny

2
S (APnAZt) S @l a(mind |61 — £o] — d, 0} Ay + Ay AY)
L1405
0 (TLZAilhl hd)

< (ana) (245

n/An
x ( (A AD) + Z K0!/ (min{|€; — e2d,0}An3+An2;A£3>>)
k=1

o (TZQAglhl ce hd)
=0 (TLQA;Ihl .. hd) ,

where 4,, = maxi<j<d An,j.
(Step 3) Now we evaluate B, (0). Decompose

B jy...ju (X) = {Bn,jl...jL (X) = Bnjy..j, (0) = E [B”’jl“'” (%) - Bn’jl"'jL(O)} }
+ FE [Bn,jl...jL (X) — B i (O)]

+ {Bnj1..jr(0) = E[Bnjy..j. (0)]}
+ E[Bnji..i,(0)]

4
=: § Bnjy.jpe
/=1

Define Ny (h) := H?Zl[xj — hj,xj +hj] and & = (21,...,74) € (—1/2,1/2)% For B j, j,1, by a
change of variables and the dominated convergence theorem, we have

Var(Bn7jl--~jL1)

A L 2
< n K < ’JZ )
N {(p+1)!}2nh1...h A g An joh,
1 1
x > e

s l's !
1Sj1,1§"'<jlp+l<d1<j21< <j2,p+1§d Ji,1.-.J1,p+1 J2,1---J2,p+1

X(ajl,lu-jl,;H—l (X /A ) J11 _71p+1m(0))(8j2,1---j2,p+1 (X /A ) J21 J2,p1 M (O))
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p+l P+l oy
le,zl Xw2,52
. A
41:1 nJZl Z2:1 na]ZQ
< A max sup |05,.5..m(y) — 05, ., m(0)]?
= 2 . h J1---Jp+1 — Yiiedp+
{(p+ D120 1<ii < <Gpra<d ye N ()
p+1 p+1
X > LT 2o, 11 P,
1<51,1 < <g1,p+1<d,1<j2 1 < <jig pr1<d €1 =1 la=1
L p+1 p+1
2 2
<[ T14 a1 ol | 5210tz o iz
=1 l1=1 lo=1
+1 +1
A, P P
=0 7 Z H hjlvl’l H hj?vfz
1<51,1 < <g1,p+1<d,1<j2,1 < <jig pp1<d £1=1 lo=1
=o(1).
Then we have By, j,.j,1 = 0p(1).
For Bn:jl---jL27
|Bn,j1---jL2|
1
max sup |aj1---jp+lm(y) - 8j1---jp+lm(0)|

~(p+ 1) 1<g1,m0p+1<d gy No (h)

(A.18)

p+1 L p+1
XV Anhi. . hq Z H Rji e, / H EA H ‘Zjl,zl‘ |K(2)|g(z o h)dz
1<j11<<j1,p41<d l1=1 (=1 l1=1
— o(1). (A.19)
For B”7j1-~~jL3’
Var(Bn,ji...j.3)
Ay hy ... hg
< {(p_|_ f)l}th h Z ajm--»jl,p+1m(0)6j2,1---j2,p+1m(0)
T B G << S <ga 1 << pra<d
p+1 p+1 L p+1 p+1
2 2
X H hjl,él H hj2,£2/ szg H |Zj1,el| H |Zj2,52| K (z)g(z o h’)dz
l1=1 lo=1 /=1 01 lo=1
A p+1 p+1
n
=0 N Z H hjl,el KH hjz,ez (A.20)
2=1

1<51,1 << g1,p4+1<d,1<j2,1 < <ja p+1<d 1 =1

Then we have By, j, . j,3 = 0p(1).
For By, j,..j.4,

Oy i m(0
B ji.jra = VAphi ... hg > Ll f )

S, ; !
1< 1< < py1<d LTIl
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p+1 p+1

o [ {1020 T | B0t o

=1 /=1 =1

0)\/Aphy ... hy >

1< p<d It i’ 6H=1

- p+1 0
Ji,1---J1 p+1 H Iy ~|—0(1).

Jre; Fjy JLJ1,1---J1,p41

(A.21)
Combining (A.18)-(A.21),
. Qi 1 m(0
ijl-.-jL (X) = g(()), /Anhi ... hg Z J1; ]1,p‘+1 E )
1<ji1<<jrpp1<d  IbUILetls
p+1 (1)
X H hﬂl N T T TR T + Op(l)
0H=1
=9(0)V/ Aphi ... hd(B(d’p)M}zd’p)(0))j1-~jL + op(1).
(Step 4) Combining the results in Steps 2 and 3, we have
A,(0) =V, (0) + (Bn(o) — g(0)\/Aphy .. th<d’p>M,gd’p>(o))
0
d .
A ([ | oo { s + 020) + 20900 [oewian}
0
This and the result in Step 1 yield the desired result. O

A.2. Proof of Proposition 4.1.
Proof. Tt is easy to see that §(0) % ¢(0) as n — co. For 17,1,1(0), observe that
_ 2 2
E[(Y(X0) =gy (Xi/A)’| Xi] = B [ (m(Xi/An) = 1 (Xi/A))*| X3
+2E [ (m(Xi/An) — m_1y(Xi/An)) (e + eni)| Xi]
+ E [(em—i—em |X]
=: nl,i + Vn2,i + E [(eni + €n,z')2| X;].
The representation of the MSE of dj, _j, m(0) (4.1) implies that for z € (—1/2,1/2)%,
2
MSE(7(2)) = { (5~ eo) B M) (2) |

N (m(nQ(z) +03(z)) +772(z)/0'e('v)dv> m

1< < <gpr1<d £=1
where eg = (1,0,...,0) € RP. Then by Cauchy-Schwarz inequality, we have

max Kan(X;) (an,i + VnQ,i)
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p+1

1
= O - Z H h]p + m = 0(1) a.s., n — OQ.
1< < <gpr1<d =1
Applying a similar argument in the proof of Theorem 4.1, this implies that
‘7”71(0 ZKA}L em—l—sm) —I—Op(l)
ZKAh (X1 /A0)(X0) + 02(Xi/A)ED) + 0,(1)
= (77 (0) + o2 (0)) 9(0) + 0p(1), n — <.
Likewise,
‘7n,2(0) = nh1 Z K an(X3)K an(Xiv1)(en,i + €ni)(€nit1 + €nit1) + 0p(1)
A n—1
= ———— " Kan(Xi) Kan(Xip1)n(Xi/An)n(Xig1/An)e(Xi)e(Xit1) + 0p(1)
nh1 ‘e hd

= 582)772(0)92(0)/Je(v)dv +0,(1), n — oo.

Therefore, as n — oo,

o gy o An/m)Vaa(0) + (Vaa(0)/5g”) p £(2(0) +02(0) |
V,o(0) := 7(0) 4(0) +1n (0)/ae(v)dv.

A.3. Proof of Corollary 4.1.

Proof. Corollary 4.1 follows immediately from Theorem 4.1 and Proposition 4.1.

A.4. Proof of Proposition 4.2.

Proof. For any t = (to,t1,...,ta,t11, - tads - t1..1,- - tq. ) € RP, we define

l1=1

War0) = 3" Kan (Xue) [t (L) X0 (x X1
nl( )*Z Ah( 1,51) XM1 Uit Tn 61( 1761)+U€,1 A,

) 617€1>7

lo=1

::Enl,él +gn1,21

W a2(0) ~—§:K (X )-t/H_l Ly X2t e2(Xoyp,) +0 Xo,
n2 = Ah 2.0 X2 0 72 A, 2(A2.05 €,2 A,

)

::En2,52 +gn2,22

By inspecting the proof of Theorem 4.1, to show Proposition 4.2, it is sufficient to verify

E [(Wa1(0) = War(0))°] /(h1 ... ha)

_ (m{m%(ouoz,l(o))gl( )+ AT R 0)200) [ 06,11(v)dv}

T {m%(m +025(0))02(0) + nad; BO)BO) | Ue,22(v)dv}
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2 A (O (00 (0)0:0) [ ae,uw)dv)

« (/K2(z) [t’( i )]de> (14 0(1)), n - oo.

Let Ex,, denote the expectation with respect to {Xi } and {Xsy,} and let E, x,, denote the
conditional expectation given o({X1 ¢, } U{X2y,}). Observe that

B, (W (0) ~ W,0(0))?]

ni

_ 1 _ 1
- Z E"X12 KAh (lefll) KAI'L (Xl,élg) t,H ! > t,H 1 >
Xlaéll Xl,zlg

l11,012=1
X (énLﬁn + Ent,eyy )(énl,fm + Enl, bz )]

ng o -
1 1
K, (X Ka, (X tH Y tH Y
Ah ( 2y€21) Ah ( 27622) |: ( )(27421 )_ I X2 622

+ D BEixy
X (67127521 + En2,t0; )(énlfzz + gnQ,fzz)]

l21,l22=1

ni n2

1 17T 1
—1 -1
) Z Z E x, |:KAh (X1,0,) Kan (Xayu,) {t/H ( Xl,& ) _t/H ( X2,€2 )}

l1=1/0>=1

X (@n1,e; +En1,1) (En2,6, + En2,0,)]
= Wit + Whia — 2W 3.

Applying the same argument in Step 2 of the proof of Theorem 4.1, we have

Ex1, W] = nehi .. hage(0) {(?7? (0) + 02 4(0) + neA; 07 (0)ge(0) / Ue,ee(v)dv}

X (/KQ(Z) {t’( i )rdz> (1+0(1)), £=1,2,

Ex W] = ning Ay thy . hy (771(0)772(0)91(0)92(0)/Ue,lz(v)dv> (1+0(1))
as n — 0o. Therefore, we obtain the desired result. (|
A.5. Proof of Proposition 4.3.

Proof. Applying the same argument in the proof of Proposition 4.1, we have that as n — oo,

gnk«)) = gk(o) + Op(1)7 k= 17 27
Vou1(0) = (17(0) + 02,.(0))gx(0) + 0,(1), k =1,2,

Vi2k(0) = fﬂ()z)ni(O)gi(O)/oe,kk(v)dv +op(1), k=1,2,
V,5(0) = 5271 (0)15(0)g1(0)g(0) / Geta(0)dv + 0p(1).

Therefore, V;,(0) 2 V1(0) + V5(0) — 2V3(0) as n — co. 0
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A.6. Proof of Corollary 4.2.

Proof. Corollary 4.2 follows immediately from Propositions 4.2 and 4.3. g

APPENDIX B. PROOFS FOR SECTION 5
B.1. Proof of Proposition 5.1.

Proof. We only provide the proof of (5.6) since the proof of (5.7) is almost the same. Let a, =

% and 7, = p,n'/%® with p, = (logn)* for some ¢ > 0. Define
5 [ fo (P hd RS
\J = Kap(X; — A
1(2) WA Z An( nZ)
X f1,an (Xi — Anz) f2A (Xi — Anz) f3,4(Xi) Zx, {|Zx,| < 7},
= |f{1(h1,-~ hd |
Uy(z) = Kap(X; — Apz
X f1,Ah (Xi - Anz) fo,4 (X — Anz) f3.4 (Xi) Zx, {|Zx,| > T}
Note that

U(z) - E[¥(2)] = ¥i(2) — E[¥1(2)] + ¥a(2) — E[V2(2)].
(Step 1) First we consider the term Wy(2) — E[WUy(2)]. Observe that

P <Sup Wy (2)| > an> < P(|Zx,| > 7, for some i =1,...,n)
zERy

<7, %Y E[Ex[1Zx|®]] < nry® = p% — 0.
=1

Further, for z € [~1/2,1/2]%,

B [#a(a)]
< Mo e DS 1,3~ 20

i=1
X |f1,Ah (Xz — A z) f2A (X — Anz)\ ng (X) E-\XHZX~|1{’ZX~| > Tn}]]
nA o b, ha)l

S / Kan(@ — An2)| | fran (@ — Anz) fos (X — Ayz)|
X f3.4(x)g (m/A )dx

|f5 (has .o ha)l
- 2nA11 g2—1 /1(Ro Z)| (V)| |f1 (v) fa(voh)| fs(z+voh)g(z+wvoh)dv
1 - 1 <q

1 ~ 1N
nA1CI2 Q2

Then we have
sup [¥(2) — E[T(2)]| = Oplan).
z€Ry

(Step 2) Now we consider the term ¥, (z) — E[U;(2)].
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Define
Uy x,(2) = Kan(Xi — Anz) fran (Xi — Anz) fo,a (X — Anz) f3.4 (Xs) Zx, {1 Zx,| < T}
— E[Kan(Xi — Anz) fran (Xi — Anz) faa (Xi — Anz) f3.4 (Xi) Zx, 1{1Zx,| < Ta}].
Observe that
n
&A 6A LA
Six(z)= Y, W@ Y Y v e 3 Y v,
i=1 £€L711(Z) A#Ag ZGLm(z) AG{l,Q}d —ZGLnQ(Z)
where
n
U (2) = 370 x,(2)1{X; € Doz (6, A) N Ry N (RR, + Ay2) ).
i=1
For A € {1,2}4, let {\T/%Z;A)(z)}geLnl(z)ULm(z) be independent random variables such that \II(K;A)(Z) L
\TlgﬁA) (z). Applying Lemma D.2 below with M}, =1, m ~ (%) and 7 ~ (A,2; Anhi ... hq),
we have that for A € {1,2}4,

P( 3w (z) >t) —P( S U (z) >t)

sup
t>0 £€Ln(2) £€Lm(2)
A hy... h
< (1(1)d> B(A,0; Anht ... hg), (B.1)
Ay,
sup [P (| S o™ >e] P S V) >t
>0 £ELns(2) €€ L (2)
Aphy .. hy
SJ <A7(11)> 6(An2;Anh1 . -~hd)- (B-Q)

Since (A”hh)hd) B(A,0; Anhi ... hg) — 0 as n — oo, these results imply that

> W§‘;A><z>=op< > iﬂ%“’(z)),

LeLni(z) leLni(z)
S w0, X a0
eELnQ(Z) ZGan(Z)
Now we show sup, ¢ g, Ty (2) ) = . Cover the region Ry with N < (hy...hg) ta,?
balls By, = {z € R?: |z — zk]| < anh } and use 2 = (2,1, ..,2k4) to denote the mid point of

By, k=1,...,N. In addition, let K*(v) = C* H]: I(|vj| < 2C0k) for v € R? and sufficiently large
C* > 0. Note that for z € By, and sufficiently large n,
|Kan (X — Anz) f1,an(Xi — Anz) — Kap (X — Apzi) f1,an(Xs — Az
< an Ky, (X — Anzi) .
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For £ € Ly1(2) U Lya(2) and A € {1,2}¢, define

n

U (2) = 37 Wy x, (2)1{X; € Tna(6;A) N Ry N (RR, + Ayz)},
i=1

where

Uy x,(2) = Koy, (Xi — Apzn) foa (Xs — Apz) f3,4 (Xs) Zx, 1{|Zx,| < ™}
— E[K}, (X — Anzn) fon (Xi — Anz) f3.4 (Xi) Zx, Y| Zx,| < T}

Moreover, define

@1(2) o |f;1(h17' . '7hd)‘

= K Xi—AnZ Xi—AnZ R Xl‘ Zx. 14| Zx. < Tht.
ATy 2l o ) fa.a(X) Zx1{|Zx,] < 72)

Observe that for z € Ry,

—11£—1
E(T(2))] < 2 :j}gf}?jj : 'f;dhd” / K (o= 4u) @~ A2 a(w)lal/ A
-1
_ |f2 (hl, _1 ) hd)| / |K*(’U)Hf2(’v o h)||f3(z +wvo h)g(z +wvo h)|d'v
nAn h_l(Ro—z)

1
< T < M.
nA,

for sufficiently large M > 0. Then we have
By (2) - E[¥(2)]]

sup
zEBy

< ‘@1(%) . E[\ffl(zk)]‘ +an (|01(20)| + E |91 (20)]])

< ‘@1(%) - E[\f!l(zk)]‘ + [W1(2) — E[¥1(2)]] + 2Ma,

~1
hi,....h . . _

< |f22A(_11h hd) Z\P?’AO)(Z;C) LY Z\IIS&A)(Zk) S Z\sz’m(z/g)

NoA8n N1 Rd\ Y per "y AN |€€Lny (21) AC{1,2}9 |€€Lpa(zp)

1f5 (b, b)) (:A0) N N
LIy Ta— S|+ Y | Y ur @)+ D > wy ()

N A8n M- R\ per Ty A£A¢ |€€Ln 1 (1) Ac{1,2}d |€€Lpa(zy)
+2Ma,,.

For A € {1,2}4, let {\T/g;A)(Z)}eeLnl(z)ULm(z) be independent random variables such that \Ilég;A)(z) 4
\’Ivlg&A) (z). From (B.1) and (B.2), and applying Lemma D.2 below to {{Iv/g&A)(z)}eeLnl(z)UL,,g(z)a

we have
P (sup Uy(z) — E[\Tll(z)]‘ > 2d+3Man)
z€Ry
< ST, AT d+3
< ng}caéXNP (zseu]g)]C Uy(z) E[\Ill(z)]’ > 2 Man>

Ae{1,2}d Ae{1,2}d ec{1,2}¢ ec{1,2}4
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+ 202N (A’”‘]“h”l) B(A,9; Anhy ... ha),

AL
where
2 4—-1
~ T (6;A) ’I’LAn hl...hd .
Qni(A) =N max P o (zx)| > Ma,—— , j=1,2,
J 1<k<N ZGL%%Z]C) ! |fo (b, .. ha)
2 4—-1
— T (6;A) TLAn hl...hd .
Qnj(A) =N max P U (zi)| > Map—— , =12
J 1<k<N ZGL%%Z]C) 2 |fo (b, .. ha)

Now we restrict our attention to @nl(A), A # Ay. The proofs for other cases are similar. Note
that

T 5 2 _1 .« ..
Pl S W) > Ma, L el
LeLy1(zy) |f2 (h17 R hd)’
T 5 2 71 D)
<op | B () > Ma, i e D
£€Ln1(2k) |fy (has. s ha)l

Observe that \Tlge;A) (2zr) are zero-mean independent random variables and
’\TIE&A)(zk)) < C@l(an)d_lﬁngnflgﬂfg(hl, ooy hg)|mh, a.s. (from Lemma D.1)
~ . 2 _ _
E [(W’A) (1)) ] < g (An)™ Auan® 4,2 f3 (M, ... ha), (B.3)

for some Cg > 0, where (B.3) can be shown by applying the same argument in (Step 2-1) in the
proof of Theorem 4.1. Then Lemma D.3 yields that

M2n2 A, h. .hylogn

~(p: A hy R 2|f5 ' (b1, ,ha)|?
P \I/(Z’A)(zk) > Ma, nﬁ n 1 d <exp| - 2 heotd ,
ZGLnZﬂzk) ! |f2 l(hl,...,hd)‘ En + Eno
where
Aphi o chg\ —~ 41— _
Enp = CE/l(N)(Anl)d 1An2n2An2f22(h17 ceey hd)7
n
2 4-3/2 1/2 1/2(F \d—177
5 MCg n*Apn (hy...hqg)""?(logn)"=(An1)* * Apamn
n2 — — .
35 (.. ha) 2
Since
M?n2A- hy .. hglogn M2 AY g
= — — ogn,
21f5 (hiy .. ha)PEn 205, \ (Ap1)® 1A,
M2n2A; hy .. hglogn  3M A2 (hy .. hg)V/?
2|f{1(h1, ey hd)lgEnQ 20@1 nl/a (an)d—lﬂng(log n)—1/2+b7
by taking M > 0 sufficiently large, we obtain the desired result. O
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B.2. Proof of Theorem 5.1.
Proof. Define

_ 1 1
S"(z)_inhl ;KAh (X; — Apz) H™ < X, 2 Anz > (X; — Apz)H
Vn(z):FZKAh X Anz H™ 1( X, — A Z > enz+5nz

=1 n
1
Bu(z)= ——— Y K (X;—Apz)H!
(2) nhy .. ; An ( ?) < X; — Anz >
X;

1 . p+1
x Z flajlwwjzbklm(Xi/An) H (A ” - Zﬂ) .
(=1 »J

S !
1<j1 < Spgr <d I I

Note that

H(B(z) — M(2)) = S, (2)(Va(2) + Ba(2)).

Applying Proposition 5.1 (5.7) to € Sn(2)€js .. jo, 1, With

J1,1-- ]1L

1 8
1@ =i, (3 ) 0y £(e) =1, ule) =1,
we have that

sup |6]1 101,10, (Sn(z) - g(z)s)ejz,l.-~j2,L2|

zely
< Sélp ‘6111 J1,0, (Sn(z) [S (z)])ejzl -J2 L2| + sup |6]11 J1,10, (E[Sn(z)] _g(z)s)ej2,1.-~j2,L2|
z
logn
= — 1) = 0,(1). B4
0p< nhl...hd>+0() (1) (B.4)
Applying Proposition 5.1 (5.6) to A,n"te €}, Vn(2) with

(®
1

) @) = 1, (fs(x), Zx,) € {(n(@), (X)), (0-(@). 21)}

n , , logn
Iosup |22 (Vi(z) — E[Vi(2)])] < -2 s . 0, /-—28" )
s |22, () - BRI < - sw [, V)| =0, (,/ R hd)
(B.5)
Applying Proposition 5.1 (5.7) to ejl i Bn(z) with
! 1 1
i@ =¢j | 5 ) fl@)= ijp fa(z) = > —— 05 gpam(T),
_ ; ; Sj1.dpy1
=1 1< < <gpp1<d P
we have that
Squ ‘eh . Bn (2)] < sup ‘631 . (Bn(2) — E[By(z |+ Seup ‘631 ]LE[Bn(Z)H
n z
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(H i | e Og 1 ) ) S Ik (B.6)
ha 1<j1 < <py1<d £=1

Combining (B.4)-(B.6), we have that

Sup |aj1---ij(Z) - 8j1---jL’m(z)|

zeT,

I —1
< (H hﬂ) ; sup |ej1---jLS_1(Vn<z) +B"(z))|

inf.er, 9(z) z€T,

zeT),

+ <H hu) sup [ejy.., (Sp ' (2) — 971 (2)S7) (Va(2) + Bu(2)))|

< (f[h) (sup ()l + sup 1521

I—1 zeTy, z€Th
p+1
=0 Zl<]1< <Jp+1<dH hi, logn
=0, 2
. h; L
e_1 je Aphy . cha (TTeeq by

APPENDIX C. PROOFS FOR SECTION 6

C.1. Proof of Proposition 6.1.

Proof. Define r1 = minj<; <271, 5. We first check the asymptotic negligibility of the random field
€2.m,,, that is,

T‘17”L<0<1<2
max €;m, (Xi) = O, (exp (—)) , N — 00, (C.1)

1<i<n 2

Note that under Condition (a), we have E[|e;(0)[%] < oo since e is Gaussian. Under Condition (b),
we also have E[|L;([0,1]%)|%] < oo since fIZ|>1 |2[%14 j(x)dz < oo (cf. Theorem 25.3 in Sato (1999)).

Define a,(gjlwz (x) = Ele1jm, (0)e1km, ()], j,k =1,2. Then we have that
Elletjon, 0% < Elles(0)°) £ [ & 1¥ldu <,
A0, @) £ BleyO)a@)| 5 [ el nie vy
< /e—mune—?(m||—||u||>du < Bl

The latter implies that [ |U,(3]1 *) L (v)|dv < 00, j,k =1,2. Likewise,
E[(e2jm, (0)] £ /Ri el (1 — o (Jul| = ma))* dua

< / e—drllull |1 4 4 <||U|| _ %)
[l >mn /4 m, 2
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4 Alul

mp

< / o—drilull |
[l >my, /4
AT
S 2q1/ 6747'1““” <1+ 4 ||1;1’|| )du
lwl|=mn /4 My,

o] 4
5/ e int <1+ 1 >td Lat
mn/4 mn

< md 1 e 1M

By Markov’s inequality and Lemma 2.2.2 in van der Vaart and Wellner (1996), we have

N

ax €2;m,, (Xi)

> Q) <o 'Eix Lfg%l |€2j,mn(Xi)\]

1/4
—1_1/4 4
<g'n'/ g?s); (E'\X ['e%m"(o)‘ ])

< g’lnl/‘*mﬁld’l)/‘*e’”m”/?

Therefore, under the assumptions of Proposition 6.1, we have (C.1), which implies that eg,, is
asymptotically negligible. Hence we can replace e with ej ,, in the results in Section 4.

Next we check the mixing conditions on ey ,,,. Let ae, (a;b) be the a-mixing coefficients of eq ,, .
Note that ae, (a;b) < a(a;b). Since eq , is m,-dependent, under the assumptions of Proposition
6.1, we have aq(4,,5) = 0, which yields

Anhl ce h’d
(147(11)> a1 (A9)w1(Anhy ... hg) =0,

AS) ai—Q/q Z L1, 1 2/q k) wi_Q/q(Ag)):O

1

Moreover,

(G2 () () (500) ) e

< {(An2> N (A“)}mgg( S mjLn_f;l_%Jr%) st
Ani Anh

- nCoCl{(%)Cz—%} + n—Cl{l—(l-i-%Co)Cz}-i-Cs =o(1).

We can also check that A, jhj/An1j — 00 as n — oo and that Assumptions 4.1 (ii), (iii), and (iv)

are satisfied. Therefore, we obtain the desired result. Il
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C.2. Proof of Proposition 6.2.

Proof. Define

1 . _ 1 X;
Uie,(2) = ATy EKAh(Xi — Apz)H ( (X; = Anz) > 7 (An> €2,my, (Xi).

By the same argument in the proof of Proposition 6.1, we can show that

rlfnCOClCZ
max lea,m, (Xi)| = Op (exp (—2>> , M — 00. (C.2)
Then we have
¢o¢1¢2
o (2559 | L\ /x
1\ = Kan(X; — Apz)H ! - =].
e = On | ST e ; Anl Xy = Anz) < (Xi — Apz) )’7 <An>

Applying Proposition 5.1 (5.7) with

@) =€ ( ! ) Ch(@) =1, fy@) = n(2),

xr

we have that

ATL TlnCOClC? ~ ~ ~
sup [11.(2) < 0, (5 exo (<22 ) ) (sup [in(a) - Effn(a)] + sup |EGuca)] )
zeT, zeT, z€Ty,

n

ATL s nCOClC? log n

7 - -2 ]_

neXp< 2 )) O \\ iy ) FOW
CoC1¢2

=0, (exp (—HHQ ))

and this implies that es ,,, is asymptotically negligible. Further, under the assumptions in Propo-
sition 6.2 we have that 81(4,,) =0,

s —¢)— (1) > 3 Co1-2¢1)—¢
An,]h] N nCO(l 31) <3 > 1, iln )~ An(]llli hd)Q N n%ié > (logn)%_ﬂ_
A (An) nz (An)?

Therefore, we can replace e with ey ,,, in Theorem 5.1. O

APPENDIX D. TECHNICAL TOOLS

We refer to the following lemmas without those proofs.

Lemma D.1 ((5.19) in Lahiri (2003b)). Under Assumption 2.2, we have

P (Z HX; €Th2(6;A)} > C|T,2(€; A)nA, " for some £ € Lyi(2), i,0.> =
i=1

for any A € {1,2}¢, where C > 0 is a sufficiently large constant.

Remark D.1. Lemma D.1 implies that each 'y, »(£; A) contains at most C|I',, »(£; A)|nA, ! sam-

ples almost surely.
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Lemma D.2 (Corollary 2.7 in Yu (1994)). Let m € N and let Q be a probability measure on
a product space ([, Qi [, Xi) with marginal measures Q; on (Q4,%;). Suppose that h is a
bounded measurable function on the product probability space such that |h| < My < oo. For 1 <
a <b<m, let Q% be the marginal measure on (Hf:a Qi,]_[f:a Y;). For a given T > 0, suppose
that, for all1 <k <m —1,

1Q — QY x Q| < 2r, (D.1)
where QF x Q. is a product measure and | - |7y is the total variation. Then

|Qh — Ph| < 2Mp(m — 1)T.
where P =T[", Qi, Qh = [ hdQ, and Ph = [ hdP.

Lemma D.3 (Bernstein’s inequality). Let X1, ..., X, be independent zero-mean random variables.
Suppose that maxj<i<p |X;| < M < oo a.s. Then, for allt >0,

n £
P X;>t] <exp| — 2 .
(; ) ( i BIXZ] + A?)
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