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Abstract

We extend the Principal Orthogonal complEment Thresholding (POET) frame-
work introduced by Fan et al. (2013) to estimate large static covariance matrices with
a “mixed” structure of observable and unobservable common factors, and we call this
method the extended POET (ePOET). A stable covariance estimator for large-scale
data is developed by combining observable factors and sparsity-induced weak latent
factors, with an adaptive threshold estimator of idiosyncratic covariance. Under some
mild conditions, we derive the uniform consistency of the proposed estimator for the
cases with or without observable factors. Furthermore, several simulation studies
show that the ePOET achieves good finite-sample performance regardless of data
with strong, weak, or mixed factors structure. Finally, we conduct empirical studies
to present the practical usefulness of the ePOET.

Keywords: Sparsity-induced weak factor model, SOFAR estimator, Factor error structure,
Sparse covariance matrix, Thresholding.



1 Introduction

Covariance matrix estimation plays an essential role in a wide range of fields, including
finance and economics. With advances in computer technology, many high-dimensional
data, where the cross-sectional dimension N is close to or larger than the sample size T,
have become increasingly accessible. The simplest estimator of the covariance matrix is
the naive sample covariance, but it is prone to instability or even a singularity problem in
a high-dimensional setting. Alternatively, many covariance estimators have been proposed;
for example, Bickel and Levina (2008a,b), Rothman et al. (2009), Cai and Liu (2011),
Ledoit and Wolf (2004), Ledoit and Wolf (2012), Lam (2016), and so forth.

Since economic and financial data frequently exhibit multicollinearity, a factor-based ap-
proach can be more appealing; see Fan et al. (2008) and Fan et al. (2011). Fan et al. (2013)
extend the ideas and propose the well-known principal orthogonal complement thresholding
(POET) estimator. Roughly speaking, the POET supposes the approximate factor model
for the target and performs a principal component analysis (PCA) on the sample covariance
matrix to extract the top KA principal components as the signal part, and then applies a
thresholding technique to the remaining noise part to obtain a sparse idiosyncratic covari-
ance estimator. Related studies include, but not limited to, Fan et al. (2018) and Wang
et al. (2021).

The POET and aforementioned factor-based approaches employ the so-called perva-
siveness (strong factor) assumption, which makes the first K largest eigenvalues of data
covariance matrix diverge proportionally to N while the others bounded. This results in
exhibiting a single large gap between the Kth and (K + 1)th largest eigenvalues. Although
the strong factor assumption is simple and widely used in the literature, including Bai and
Ng (2002) and Bai (2003), it is questionable whether the assumption is consistent with real

data. In fact, in the discussion of Fan et al. (2013), Alexei Onatski says that it may be



misleading in many economic and financial applications. He indicates that the absence of
such a large gap may have a negative effect on the performance of POET. Lam et al. (2011)
also point out the possibility that the PC estimator does not work well in the absence of

such a clear eigen-separation. We reconsider this issue.
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Figure 1: The sample eigenvalues of S&P Figure 2: The sample eigenvalues of residuals
monthly excess returns. of S&P monthly excess returns regressed by

the five observable factors.

Figure 1 shows the scree plot of the sample covariance matrix of S&P 500 stock returns
from Datastream over the period from May 1998 to April 2018, including 376 companies.
In the figure, we can observe a huge eigen-gap between the first and the second eigenvalues,
implying that there is only a single factor. Perhaps surprisingly, however, the edge distri-
butions (ED) method of Onatski (2010) stably detects six factors. This suggests there are
a single strong and several “weaker factors” in the data.

More interestingly, there still remain some unobserved “weak factors” even after taken
out some observable factors. Figure 2 is the scree plot of the same data after taken out

the five observable factors of Fama and French (2015)." For this sample covariance matrix,

!The Fama-French five factors refer to the market return, SMB, HML, RMW, CMA. Here, SMB
means the return on a diversified portfolio of small stocks minus the return on a diversified portfolio of big

stocks, HM L is the difference between the returns on diversified portfolios of high and low B/M stocks,



Onatski’s ED method detects five factors left behind with exhibiting no large gaps. This
indicates the existence of “weak factors” that are not explained by the observable factors.

On the basis of the above observations, we propose the new framework that allows both
observable factors and latent “weak factors,” called the extended POET (ePOET). This
modelling strategy is expected to enhance the interpretability and flexibility, compared
with the original POET. Focusing on the latent “weak factor” part, we adopt the sparsity-
induced weak factor (sWF) models by Uematsu and Yamagata (2022); namely, we suppose
sparsity condition on the factor loadings that directly link to the magnitude of signal
eigenvalues under a specific rotation. Then the kth largest eigenvalues of the covariance
matrix diverges proportionally to N for some «ay € (0,1] for each k£ € {1,..., K}. The
“weakness” is well-estimated as long as the loadings are sparsely estimated, and is indeed
achieved by the sparse orthogonal factor regression (SOFAR) estimator of Uematsu et al.
(2019) and Uematsu and Yamagata (2022).

To our ePOET, we derive the rates of convergence for the estimated covariance and
precision matrices under strong (o-)mixing assumptions. Simulation studies show that
the ePOET can ensure reliable estimation accuracy, whatever data are generated from
observable, weak, strong, or “mixed” factor models. We conduct an empirical study about
minimum variance portfolio (MVP) constructions. It is observed that, in terms of the
out-of-sample risk, the proposed ePOET method with observable factors outperforms the
other candidates. Finally, a heatmap comparison shows that the proposed method can
well capture the potential WF structure in the residuals obtained from a financial dataset

regressed by the Fama-French five factors.

RMW represents the difference between the returns on diversified portfolios of stocks with robust and
weak profitability, and CM A stands for the difference between the returns on diversified portfolios of the

stocks of low and high investment firm. They are obtained from the Kenneth R. French Data Library.



1.1 Notations and organization

Throughout the paper, we use |[M]||, [[M|r, ||M||max, and [|[M]|; to denote Iy norm, the
Frobenius norm, the maximum norm and the elementwise /; norm for any matrix M =
(my) € RN respectively. Given a N x N positive definite matrix X, the weighted
quadratic norm of an N x N matrix P of 3 is defined as ||P||s = N~V/?|Z"12PX1/2|p.
For any square matrix A, we denote the largest, the smallest and the kth largest eigenvalues
by Amax(A), Amin(A), and A\t (A), respectively. Iy means a N x N identity matrix. Let <
and 2 represent < and > up to a positive constant factor. For two positive values x and
y, we use x Ay and x V y to denote min{z, y} and max{x,y}, respectively. Finally, for two
positive sequences a,, and b,, we denote a, < b, if a,, = b, and a, < b,.

The rest of the paper is organized as follows. Section 2 formally defines the ePOET
model. Section 3 describes the estimation methodologies and the steps to determine the
optimal number of factors. The theoretical results of ePOET are presented in Section 4.
In Section 5, we conduct three sets of simulation studies are conducted. Two empirical
applications are shown in Section 6. Section 7 concludes the paper. All the proofs of the
theoretical results and additional discussions are reported in the appendix. Section B gives

some remarks on the practical issues of choosing the tuning parameters.

2 Model

We consider estimation of the covariance matrix of N-dimensional vector y;, generated by

the linear regression model

ye = Ax + uy, (2.1)



where x; and A = (ay,...,a,) represent the r-dimensional observable factor and its factor

loadings, respectively. Furthermore, the error term u; has the latent factor structure
u, = Bf, + ¢, (2.2)

where f; and B = (by,...,bg) represent the K-dimensional unobservable factor and its
factor loadings, respectively, and e; is the idiosyncratic error term. Stacking the observa-
tions for ¢ = 1,...,T, we can rewite the models as Y = XA’ + U and U = FB’ + E.
Similar factor structures can be found in Bai (2009), , Bai et al. (2016), Gagliardini et al.
(2019) and Fan et al. (2021). Following the latter two papers, we impose the orthogonality
conditions between observable factors x; and latent parts u,. This assumption enable us
to separately estimate A and B.

Without loss of generality, we suppose the identification conditions,
E[fif]] =Ix and B'B diagonal, (2.3)

throughout the paper. Denote by 3., 3,, and X, the covariance matrices of x;, u;, and
e;, respectively. Given the condition that e;, x;, and f; are mutually uncorrelated, the

covariance matrix of y, under (2.3) is

S=AS,A+3, %,=BB+3. (2.4)

2.1 Sparsity-induced weak factor model

As discussed in Introduction, it is natural to allow a “weaker” factor structure in (2.2).
Following Uematsu and Yamagata (2022), we formally introduce the sWF model. Assume
that Amin(B'B) is bounded away from zero and A\y.x(2.) is bounded from above. Then
Weyl’s inequality entails A\, (X,) < \(BB’) for £ = 1,..., K. The latent factor model in

(2.2) is called the weak factor (WF) model if

M(BB) =< N, k=1,....K (2.5)



for some oy, € (0,1]. The sWF model achieves (2.5) by imposing a sparsity assumption on
B with the aid of (2.3). Specifically, suppose that by has Ny := | N** | nonzero elements
for some constant oy, € (0, 1] for each k = 1,..., K. Then the signal strength is controlled

via the sparsity:
M(BB) = \(BB) = ||bellf <Ny, k=1,..., K.

The sparsity assumption on B is not the only assumption that brings about the WF
structure; e.g., the condition that by, is dense with by, =< N@=1/2 for all i = 1,..., N
achieves the same rate, but we do not pursue this direction. See Uematsu and Yamagata

(2021) for a statistical evidence of sparse loadings with macroeconomic and financial data.

3 Estimation Methodology

We propose a new estimation framework for 3 in (2.4). The procedure first apply the
ordinary least squares (OLS) to (2.1) to obtain the residuals, and then estimate the residual
covariance matrix applying the POET algorithm to (2.2) with replacing the PC estimate

by the SOFAR estimate. The detailed procedure is shown as follows:

Step 1. Regress Y on X to obtain the OLS estimate A’ = (X’X)"'X’Y, and make the

residual matrix U =Y — XA’
Step 2. Obtain the SOFAR estimate of (B, F) by

. ‘ 1 oo m .
BF)= agmin U~ FB + e Bl (3.6)

(]~3,1~3‘) € RNXK wRTXK

subject to F'F/T =T and B'B diagonal,

where K is the estimated number of factors defined in Section 3.1 and nyr > 0is a

~ A A

penalty coefficient, and make the residual matrix E=U-FB.



Step 3.

Step 4.

Obtain the POET estimate of 3. by

o5 for i = j,

~T i

s%(&fj) for i # j.
where &7; is the (7, j)-th entry of the sample covariance matrix of &, s7;(-) is a soft

thresholding function given by

-
ij

e
ij

si;(07;) = sign(af;) max(0, [67;] — 75)

with
1
Tij = T(JJNT\/ 91] and Qw = T Z(étlétj — OA',Z-)Q (38)
t=1
for some sequence wyr > 0 and sufficiently large constant C, > 0.
The covariance matrix estimate of y; is defined as
> = A3, A+ BB + 37, (3.9)

where 3, is the sample covariance matrix of the observable factors, x;.

It is reasonable to use the OLS in Step 1 and employ sample covariance matrix in Step 4

since x; is observable and low-dimensional; see Fan et al. (2008) for a similar procedure. In

Step 2, the SOFAR proposed by Uematsu et al. (2019) and Uematsu and Yamagata (2022)

yields a sparse estimate of B with simultaneously satisfying the restrictions, F'F JT =1y

and B'B diagonal, which leads to an efficient estimation of the sWF model. The SOFAR

estimation with tuning the regularisation coefficinent nyz is numerically implemented by

the R package, rrpack®’. The SOFAR is regarded as a natural extension of the PC since

they are identical if nyzr = 0. In Step 3, we adopt the soft threshold referring to our

preliminary numerical trials though there are other types of threshold functions, such as

the hard threshold and smoothly clipped absolute deviation (SCAD) method. Choosing

the regularization coefficient C; is explained in Section B.

2See https://cran.r-project.org/web/packages/rrpack/index.html.



3.1 Determining the number of factors

There are several methods to determine the number of factors in approximate factor models,
including Bai and Ng (2002) and Ahn and Horenstein (2013), but they are designed for the
strong factor models with all the K signal eigenvalues diverging proportionally to N. In
this paper, we recommend to use the approach of Onatski (2010). Briefly, it is to determine

the number of (weak) factors by K = K (§) with
K((S) :{kzla-'-akmax_1: )\k_)\k+1 26},

where )\ represents the kth largest eigenvalue of (N V T)'UU’ and 6§ > 0 is a fixed
constant. Uematsu and Yamagata (2022) prove that K — K with high probability for any
fixed 6 > 0 for a wide class of the sSWF models. In practice, J is predetermined by the edge
distribution (ED) method of Onatski (2010) that is based on a calibration; see the article

for full details.

4 Theoretical Properties

This section derives the rates of convergence of the estimated covariance and corresponding

precision matrices as N AT tends to infinity while K and r are fixed.

Assumption 4.1 Fach k-th column vector of B has the sparsity Ny = [N | with 0 <
ag < - < ap <1, and [|B|lmax < & < 00 for some constant ¢,. There exist constants
dy, ... dx such that BB = diag(d®Ny, ..., d%Ny) and 0 < dgN}/*> < --- < dyN}"*. For

k such that oy, = a1, we have d2_, — d? < cY/2d?_, for some constant ¢ > 0.

Assumption 4.2 The vector process of idiosyncratic errors and latent factors {e;, f;}i>1
is strictly stationary with E(e;) =0, E(f)) =0, E(ey fu.) = 0 and 6;; := Var(eye) > g for
allk=1,..., K and i, =1,..., N for some constant g > 0. Moreover, there exist some

constants ¢y, co > 0 such that



(a) max Elexp(sel)] < ¢ for some 0 < s < 00,
S

2
<
(b) max Elexp(sfi)] < ca for some 0 < s < oo.

For the idiosyncratic covariance, there exist some constants ¢, ¢ > 0 such that ¢ < Apin(Xe) <

Amax(Xe) < & Moreover, ¥, € T(my), where

N
T(my) = {25 = (Ufj)NxN E IZIEJ%\Z;(Z ’Ufjlq(JZU;j)(l_q)/z < mN}
N

e

for the sparsity measure my = max;<n Y,y |0F;|? with some constant q € [0, 1].

Assumption 4.3 There exist some constants r1,b; > 0 such that the a-mixing coefficient

a(T) = sup |P(AN B) — P(A)P(B)|

AeF° _, BeF¥

—o0?

satisfies a(T) < byexp(—CT™), where F° and F5° represent the o-fields generated by

{(fi,e;) : t <0} and {(fi,e;) : t = T}, respectively.
Assumption 4.4

(a) There exists a constant ¢, > 0 such that |E|la < co(N V T)Y? holds with probability

at least 1 — O((N VvV T)™") for some v > 0.

(b) There exists a constant ¢y such that for all t,k, and x > 0,

72
P >z <26Xp{—04ﬁl}.

Assumption 4.1 is the same as Assumption 2 in Uematsu and Yamagata (2022), which

N

Z eribik

i=1

characterizes the sSWF models discussed in Section 2.1. Assumption 4.2(a)(b) prescribe
that f;z and e; are subGaussian random variables. In Assumption 4.2, following Bickel
and Levina (2008a) and Cai and Liu (2011), we assume the conditional sparsity condition,
3. € T(my). A smaller my indicates a sparser X, which leads to faster convergence

rates in the theorems. This assumption is widely used in, for instance, Fan et al. (2013),

10



Cao et al. (2019) and Chen et al. (2019). Unlike Uematsu and Yamagata (2022), where
they assume that idiosyncratic terms and factors follow the vector moving average (VMA)
processes, we adopt the a-strong mixing condition in Assumption 4.3. Assumption 4.4 are
relatively high-level but permissible conditions for deriving the consistency of factor and
factor loadings, and such conditions are widely imposed in many existing literature. Bai
and Ng (2006) basically assumes the same bound for E with weak serial and cross-sectional
correlations. Moon and Weidner (2015, 2017) discuss several examples that various error
processes may satisfy [|E|s = O,((NVT)Y?). Suand Wang (2017) also keeps the same order
of the largest eigenvalue E. In the same literature, they further assume that [|[EB|| . =
O,(N'/?1og"?(NVT)) under a strong factor scheme, which is similar to and can be induced
by our Assumption 4.4 (b). Similar high-level assumptions are also imposed in Fan et al.
(2013) and Wang et al. (2021), for example. Moreover, in Uematsu and Yamagata (2022),
they rigorously prove that all the inequalities in Assumption 4.4 hold when idiosyncratic
errors and factors are specified as a VMA.

Set tuning parameters to be

N log 2 (N V T)
Ng(Ng AT)

NNt X T1/2 10g1/2(N V T), wWNT X

This choice of the tuning parameters will guarantee that [|[F'E|[max < 7y, T2 F=Flp <
wyt, and T2 B=B|r < Nf1/2wNT occur with high probability (Lemmas A.7, A.9, and
A.10 resp. in the Appendix).

Due to a technical reason, we restrict the parameter space of optimization (3.6) to
{(1‘3, F) € RVK < RTK : max [by]| < Gy, max |[f] < C’f\/logT} (4.10)

for some (sufficiently large) constants Cj,, Cy > 0. This is large enough to include the true
parameter (B, F) that satisfies Assumptions 4.1 and 4.2(b). Actually under Assumption
4.2(b) (sub-Gaussianity), we have P(max; ||f;]| < Cpy/logT) — 1 for sufficiently large C

by the sub-Gaussian property (Vershynin, 2018, Ch.2).

11



We write T =< N¢ for some constant ¢ > 0 to represent the size of T relative to the
cross-sectional dimension N. We further impose the technical condition that restricts the

class of the sWF models:

Ni(N Vv T)Y?
NI?’(/QTl/Q
which is equivalent to a; + (1V ()/2 < 3ak/2 + (/2. The condition excludes the sWF

models with a large gap between a; and ax and/or too small T" relative to N. This is
used to derive the estimation error bounds of the SOFAR estimator. Moreover, with this
condition, we can prove that K in Section 3.1 converges to the true number K with high
probability; see Uematsu and Yamagata (2022). Thus we suppose K is known throughout

the rest of this section.

4.1 Case 1: Observable factors do not exist

We first consider the case without observable factors in the model. This corresponds to the
original POET setting, but allows the weak factors. The ePOET estimator of y; is simply

reduced to

A

3> =BB +37. (4.12)

Theorem 4.1 Suppose that Assumptions 4.1-/]./ and condition (}.11) hold. Then EA)Z mn

(4.12) satisfies with probability at least 1 — O((N v T)™"),
“22 - = WJI\;.quN'

Theorem 4.2 Suppose the same assumptions as in Theorem 4.1 hold. If

widmy = o(1), (4.13)

then the inverse matrix of ﬁ:g 15 well-defined with probability approaching one, and it sat-
isfies with probability at least 1 — O((N vV T')7"),

T—1

1B = =7 S wydma.

12



Theorem 4.3 Suppose the same assumptions as in Theorem /4.1 hold. Then 3 in (4.12)

satisfies that

N'2log(N vV T)
T

1—q
WNT TN

1% - =lls S

||2 - z]Hmax S_, WNT
hold with probability at least 1 — O((N V T)~").

Following Fan et al. (2011) and Fan et al. (2013), we have used the relative error
12— 3g = |22 Y2 —Iy||p because the spectral norm is too large to be controlled

for X.

Theorem 4.4 Suppose the same assumptions as in Theorem 4.1 hold. If

NNy v T2
Mywy— (]\?K ) =o(1), (4.14)

then the inverse matriz of 3 is well-defined with probability approaching one, and it satisfies

with probability at least 1 — O((N vV T)7"),

N2(Ny v T)V?

~ —1 _ 1—
1 =27 < mywyst

To prove Theorem 4.1-4.4, a key step is to derive the consistency of factors and factor
loadings, which will be stated and proved in Lemma A.9 and A.10. In particular, the rates
of estimated factor and factor loadings by SOFAR can recover the original POET ones
if all the factors are strong (i.e., NV, = N for all £ < K). On the other hand, the rates
deteriorate with an extra cost if PC is used under the sWF models. See Appendix C for
more details. Therefore, our covariance estimate has an advantage of faster convergence

speed under the sWF, and can work as good as POET estimates even under the SF.

13



4.2 Case 2: Observable factors exist

When the model contains the observable factors x;, we need to estimate A first by OLS
as explained in Section 3. To evaluate the estimation error, additional conditions for the

observable factors x; are required.
Assumption 4.5

(a) The vector of the observed and latent factors and the idiosyncratic error {x;, f;, e},
is strictly stationary with E(zyey) = 0 and E(ryfi) = 0 for any 1 = 1,...,r,

k=1,..., K, andt=1,...,N.

(b) There exits some positive constant cs3 such that max;<i<, Elexp(sz?)] < c3 for some

0<s < oo,

(c) There exist some positive constants ro and by such that the a-mixing coefficient

a(T) = sup |P(AN B) — P(A)P(B)]

AeF° ., BeFgr

satisfies a(T) < by exp(—CT"), where F°__ and F3° represent the o-fields generated

by {(x¢, £, ;) : t <0} and {(x4,f;,e;) : t = T}, respectively.
(d) ¢y = Amax(cov(xy)) = -+ = Amin(cov(xy)) = ¢ for some constants ¢, ¢; > 0.
(e) The number of observable factors r is fixed and known.
(f) Muin(N"A'A) > ¢, for some positive constant c,.

In Assumption 4.5, conditions (a) — (e) are standard in the literature. Condition (f)

implies that the r observed factors are strongly pervasive.

Lemma 4.1 Suppose that Assumptions 4.1-4.2, J.4—4.5 hold. Then we have

log'/(N Vv T)log"*T
T1/2

Hfj - UHmaX f,

occurs with probability at least 1 — O((N vV T)77).

14



Thanks to this lemma, we can find that the estimation error in Step 1 is small enough to
treat A as if it were known. Consequently, the convergence results of covariance estimators
in Case 2, which are similar to those in C'ase 1, are obtained. Define

log'/2(N v T)log"/*T
T1/2 :

WNT = WNT

Theorem 4.5 Suppose that Assumptions 4.1-4.2, J.4—4.5 and condition (4.11) hold. Then

all the assertions of Theorems J.1—4.5 in Case 1 with wyt replaced by Oyt are true.

Theorem 4.6 Suppose that the assumptions as in Theorem /.5 hold. If

NV (N}/2TV/2)
N

myong = o(1), (4.15)
then the inverse matriz ofﬁl 1s well-defined with probability approaching one, and it satisfies
17 - =Y < madhy

hold with probability at least 1 — O((N V' T)™").

In Case 1, the convergence rates of covariance estimators are mainly determined by the
estimation error of latent factors and loadings, wyr. However in Case 2, the estimation
error comes from the first stage OLS and wyr, implying that the convergence rates of
ePOET depend on the maximum value of them, Wy7p. Theorem 4.6, which is parallel to
Theorem 4.4, holds under a weaker condition (4.15) than (4.14) and gives the same rate

as 21

e

which is faster than that in Theorem 4.4. It implies that the precision estimate
of ePOET can work better when observable factors exist than the case when observable

factors do not exist.

5 Simulation Studies

We carry out Monte Carlo simulations to investigate the finite-sample performances of the

ePOET estimators. We consider a similar data generating process (DGP) in Uematsu and

15



Yamagata (2022) with some modifications on the idiosyncratic error term:

r K
Yii = Z ATy + Z bik frr + \/gemw
=1 k=1

The observed factors xy and the factor loadings a; are both generated from i.i.d.N(0,1).
The unobserved factors f and the corresponding factor loadings b satisfy the conditions
71 ZtT:1 fifis = 1{s = k} and N~! Zf\il bibis = 1{s = k}, which are realized by the
Gram-Schimidt orthogonalization to f}; and b}. Here, b}, ~ 1id.N(0,1) fori=1,..., Ny
and by, = 0 for Ngyq, ..., Ny and fi = ppeff ), + vae with |pp| <1, f7 ) ~11.d.N(0, 1),
and vy, ~ 1.1.d.N(0,1 — pfck). For the idiosyncratic error term, e; = (es;)nx1, we simulate
them independently by e, ~ N (0, .), where 2, = (0;)nxn with 0f; = ol11{|i— j| < 4}.

The following statistical losses are used to evaluate the estimation accuracy.
(a) Relative error: N'/2||3 — ||y = |[Z7282 12 — Iy||p.
(b) Spectral loss of idisosyncratic covariance estimator: ||ﬁlz — 3|
(c¢) Kullback-Leibler Divergence: KLD := Trace <Ef§71> — log (‘Ef]ilD — N.
(d) Spectral loss of inverse of covariance estimator: HfJ_l -1
(e) Spectral loss of inverse of idiosyncratic covariance estimator: Hi:l — 374
(f) Frobenius loss of factor loadings: ||B — B||r.

Criterion (a) is a relative error measure for covariance matrix estimation, which is proposed
by Fan et al. (2011) and Fan et al. (2013). For (c), it has been used in Yuan and Lin
(2007) and Rothman et al. (2008), for example, to evaluate the precision matrix estimation

performance. The others are common criteria.

16



5.1 Casel

For the case with no observable factors, we compare estimates of the ePOET and POET.
The only difference is that the former applies the SOFAR to obtain (B, F) while the latter
uses the PCA. Two simulation studies are presented; one assumes two strong factors and
the other considers two weak factors. For each, we set ps, = 0.5, 0 = 1 and 0 = 0.3, and
fix T' = 200.

Table 1 reports the accuracy of the ePOET and POET estimates when the exponents
(o, a0) = (1,1), representing the strong factors. In this case, the penalty term for B
is indeed unnecessary, but the ePOET performs as good as the POET in all aspects.
Interestingly, the ePOET even slightly outperforms the POET in some cases. This suggests
the use of ePOET is good even when the latent factors are expected to be strong. Table
2 shows the case with (a1, as) = (0.6,0.6), which indicates the weak factors. Overall the
ePOET performs better especially in terms of the KLD, and the tendency becomes strong
as N increases though the POET can work as good as the ePOET only if 7" > N. This
feature results from the advantage of the SOFAR estimates over the PC estimates for the

sparse factor loadings; see Uematsu and Yamagata (2022) for more information.

5.2 Case 2

For the case when observable factors exist, we also set ps, = 0.5, 0 =1 and o = 0.3, and
fix T' = 200. The numbers of observable factors and unobservable factors are fixed to be
r =3 and K = 3, respectively. We compare the three estimates: (i) ePOET proposed in
Section 3; (ii) POET constructed by the PCA instead of the SOFAR; (iii) Diagonalized

Sample Covariance obtained as follows. This construction is inspired by Fan et al. (2008).

Step 1. Regress Y on X to obtain the OLS estimate A’ = (X'X)"'X'Y, and make the

residual matrix U =Y — XA’
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Table 1: Performance of the ePOET and POET estimates for the factor model with (ay, a)

= (1,1) with no observable factors. 7" = 200.

Design (o, az)

ePOET

POET

(0‘17042) - (17 1)

N Criteria mean median s.d. | mean median s.d.
N2 - 3|y 3.80 3.80  0.11 3.81 3.80 0.10
1] — = 0.74 0.73  0.04 | 0.74 0.74 0.04
KLD 4.78 4.80  0.27 | 4.74 4.75 0.26
100 .
I —=Y  0.64 0.64  0.03 | 0.64 0.64 0.03
=] -2 065 0.64  0.04 | 0.65 0.64 0.03
IB — Bl|r 18.85  19.64 6.03 | 1827  19.59  6.63
N2 - 2|y 5.02 5.02  0.11 5.08 5.12 0.15
1) — .|| 0.76 0.75  0.03 | 0.76 0.76 0.03
KLD 10.36  10.39  0.39 | 1028  10.25  0.39
200 .
I —=Y  0.69 0.69  0.03 | 0.69 0.69 0.03
1=, ==Y 0.70 0.69  0.03 | 0.70 0.69 0.03
IB — Bl|r 26.61 2795 9.11 | 26.07  28.30  10.06
N'2|E - 2|y 5.99 5.99  0.11 6.00 5.98 0.13
1] — 3. 0.78 0.78  0.03 | 0.78 0.78 0.03
KLD 16.50  16.47  0.60 | 16.37  16.33  0.56
300 .
1= —=1 072 0.72  0.02 | 0.72 0.72 0.02
1= -7 0.73 0.72  0.02 | 0.72 0.72  0.02
IB — Bl|r 32.62 3426  10.67 | 33.74 3450  9.56
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Table 2: Performance of the ePOET and POET estimates for the factor model with (ay, a)

= (0.6,0.6) with no observable factors. 17" = 200.

Design (o, az)

ePOET

POET

(041,042) = (0.6, 0.6)

N Criteria mean median s.d. | mean median s.d.
N2 - 3|y 3.65 3.66 0.16 | 3.78 3.78 0.09

1] — = 0.94 0.95 0.11 | 1.01 1.01 0.12

KLD 4.11 4.00 0.29 | 4.72 4.74 0.27

100 ||ﬁ:_1 — =7 0.66 0.66 0.03 | 0.66 0.65 0.04
ST -1 1.62 1.43  0.77| 1.93 1.79  0.77

IB — Bl|r 7.14 7.52 2.39 | 7.26 7.90 3.71

N2 - 3|y 4.93 4.90 0.18 | 5.10 5.15 0.14

1= — = 0.85 0.84 0.07 | 0.90 0.90 0.08

KLD 9.10 9.07 0.46 | 10.32 10.31  0.40

200 || - =1 0.72 0.71 0.03 | 0.70 0.70 0.03
||ij1 -1 0.92 0.82 0.25 | 1.06 1.02 0.27

IB — Blr 8.89 9.12 2.74 | 9.36 9.80 2.96

N2 - 2|y 5.90 5.87 0.20 | 6.02 6.01 0.12

1= — = 0.82 0.80 0.05 | 0.85 0.84 0.06

KLD 14.48 14.44  0.62 | 16.41 16.40  0.58

300 &7 -="! 0.74 0.74  0.02 | 0.72 0.72  0.02
||z”:2_1 -1 0.79 0.76 0.09 | 0.80 0.75 0.12

IB — B¢ 9.83 10.16  3.04 | 10.63 11.20  3.82
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Step 2. Obtain the sample covariance matrix of fJ, and replace all the off-diagonal elements

with zeros, which is denoted by 3,

Step 3. The covariance matrix estimate of Y is given by

£ AS,A | s
where 3, is the sample covariance matrix of the observable factors, x;.

In Table 3, our ePOET (i) works better than the other two methods (ii) and (iii) in
most of the aspects except for the precision matrix estimates. In particular, it is clear that
the superiority of the ePOET becomes larger as N increases. The results also demonstrate

that after taking out observable factors, the ePOET works better than that of Case 1.

6 Empirical Applications

We carry out two empirical studies of proposed ePOET estimators.

6.1 Risk minimization of portfolios

In order to evaluate the performance of our ePOET in practice, we consider to construct
minimum variance portfolios (MVP) using daily access return series of the S&P 500 dataset

and Fama-French five factors data from Kenneth R. French-Data Library. *

6.1.1 MYVP model and empirical designs.

The MVP attempts to allocate N financial assets to make the portfolio risk w'Xw, where
w is a vector of weights and 3 is a covariance matrix estimate of the given assets, as small

as possible. Specifically, the MVP solves the optimization problem:

min w'Ew subject to w'ly =1, (6.16)

3See https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html.
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Table 3: Performance of the three methods, where (i), (ii), and (iii) refere to the ePOET,
POET, and Diagonalized Sample Covariance, respectively, for the factor model with three

observable factors and three unobservable factors.

Mean Median s.d
Design (a1, ag, ag) (a1, a9, 3) = (0.7, 0.7, 0.7)
N Criteria (i) (i) () @G Gi) () (1) (i) (i)
N2|& - Z|x | 415 432 442 | 415 428 442 | 011 0.11 0.13
127 — 3| 0.92 1.00 - 0.92  1.00 - 009 009 -
KLD 6.06 6.83 30.58 | 6.03 6.82 30.63|0.36 0.37 251
e 7' -=1 | 064 069 153 | 064 068 1.53 | 0.04 0.07 0.05
ST s | 12t 165 - | 113 156 - | 0.39 046 -
IB - B|r 11.22 11.91 - | 11.52 11.98 - |209 234 -
N2|& -2z | 536 560 579 | 534 562 578 [ 015 010 0.15
1= — 3| 0.83  0.89 - 0.82 0.89 - 005 006 -
KLD 13.03 14.59 60.20 | 13.03 14.59 60.30 | 0.58 0.58 3.27
=0 I -1 | 071 068 157 | 070 0.67 157 | 0.03 0.04 0.03
||z‘:§71 -7 | 077 0.88 - 0.74  0.86 - 009 015 -
IB - B|r 14.61 1569 - |14.70 1585 - |262 259 -
NS -%|x | 629 654 682 | 626 655 681 | 016 0.13 0.17
137 — = 0.81 086 - 0.81 086 - |004 004 -
KLD 20.39 22.82 86.86 | 20.37 22.88 86.63 | 0.68 0.75 3.95
20 o= | 074 071 159 | 074 070 159 | 0.03 0.03 0.03
||$::1 -2 | 076 0.74 - 0.76  0.72 - 003 007 -
B — Bllp 16.61 1755 - |16.82 17.80 - |327 3.13 -
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where 1y = (1,...,1). We allow short sales and ignore any transaction cost for simplicity.
It is well-known that the optimal weight w* obtained by the quadratic problem (6.16) and

the corresponding risk R* are computed as

»11 -
- = N R =w'Sw" (6.17)
1VY 1y

*

w

We compare the out-of-sample forecasting performance of candidate methods in terms

of the MVP construction. The following five methods are conducted.

(i) ePOET-2: ePOET proposed in Section 2 when observable factors exist.

(i) POET: the method proposed in Fan et al. (2013), which does not require observable

factors.

(iii) EFM-POET: POET constructed by the PCA instead of the SOFAR when observable

factors exist.
(iv) ePOET-1: ePOET proposed in Section 2 when no observable factors.

(v) EFM: Exact factor model proposed by Fan et al. (2008), which use observable factors

and the diagonal part of sample idiosyncratic covariance.

We collect the S&P 500 data that consists of 2520 daily excess return for the period from
April 2, 2002 to March 30, 2012 (about 10-year trading days with 21 days per month).
For the methods used observable factors, we also collect the Fama-French five factors data
from the same period as the S&P 500 returns. A portfolio is created at the first trading
day of each month using a candidate method to estimate the covariance matrix of returns
based on the data from the past 7" days. To reflect the high-dimensionality, we set the
time dimension 7" = 126 (six months of trading days) and the cross-sectional dimension
N = 395, which is the maximum number of stocks available in the dataset.

Under a rolling window scheme, the vector of optimal portfolio weights (w;) is updated

monthly (21 days) for constructing next month’s portfolios until March 30, 2012. Once
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Table 4: Performance of different methods in out-of-sample minimum variance portfolio

analysis.

Criteria ePOET-2 EFM-POET ePOET-1 POET EFM
Out-of-sample
0.45 0.50 0.48 0.47 0.51
standard deviation
Total excess return 39.89 33.46 35.01 38.19 38.67
Mean Sharpe ratio 1.36 1.32 1.24 1.29 1.14

obtaining all the out-of-sample portfolios, we calculate out-of-sample standard deviation,
the total out-of-sample excess returns and the mean Sharpe ratio following DeMiguel et al.
(2009). We determine the number of latent factors by the method of Onatski (2010) and

select the optimal threshold tuning parameter by CV for each update.

6.1.2 Results

Because the aim here is risk minimization, the out-of-sample standard deviation should be
our primary basis of comparison, with the total out-of-sample returns and the Sharpe ratios
serving as the secondary bases. In Table 4, we find that the ePOET with observable factors
achieves the best performance in out-of-sample standard deviation among the candidates.
Meanwhile it can maintain certain high level excess returns. When assuming there are
no observable factors, ePOET works similar to POET under the criteria of out-of-sample
standard deviation. Exact factor model works the worst as observable factors are not
sufficient to capture the covariance structure. Overall, ePOET with observable factors

performs the best in both risk minimization and out-of-sample return.
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Figure 3: Heatmaps of estimated residual correlations (absolute values) from the Fama-

French five-factor model.

6.2 Unobserved weak factors left out in the residuals of Fama-

French five-factor model

As the scree plots in Introduction demonstrate, weak factors may exist in the residuals of
the Fama-French five-factor model. We use the same dataset in Section 1 to explore the
covariance structure of the residuals of the five-factor model based on our sWF framework.
The residuals are obtained by taking out all five observable factors of the five-factor model
from the collected stock returns through the OLS method. From Figure 3, it is clear that
the POET estimates exhibit much noisier patterns than the ePOET estimates. The ePOET
can remove some of the estimation noise through its sparseness mechanism and successfully
retain the clustered non-zeros among specific industries. Such findings are consistent with
the conclusion of Section 6.3 of Uematsu and Yamagata (2022) and inspire us to estimate

covariance matrices by the ePOET method when some factors are already known.
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7 Conclusion

This paper proposes the extended POET (ePOET), which fully extends the original POET
of Fan et al. (2013) to allowing the model to have not only latent strong factors but
also observable and latent weak factors. Regarding estimation of covariance matrices,
ePOET combines the observable factors, sparsity-induced weak factors (sWF), and the
sparse idiosyncratic noise to estimate high-dimensional covariance matrices. Compared to
POET, when observable factor exist, our ePOET method can better detect the potential
WEF structure in the residuals. When observable factors do not exist, the ePOET is able to
distinguish which factors are essential to data variations through the sparsity patterns of the
estimated factor loadings, thereby enhancing the explanatory power of the proposed model.
Simulation studies show that if data are generated from relatively weak latent factors only
or a mixed structure of observable factors and weak latent factors, the performance of
our ePOET model is uniformly better than the POET estimators. In addition, ePOET
can work as good as POET even if data contain strong factors only. The MVP studies
conclude that the ePOET with mixed factors brings significantly less risky portfolios than
other candidates, maintaining the highest returns. Moreover, as our model can be seen
as a structure of observable regressors plus factor errors, which is similar to the structure
proposed in Bai (2009) and Fan et al. (2021), there may have potential research interests

for panel regressions such as GLS estimation.
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A Proofs of the Main Results and Lemmas

In this section, we present the lemmas and proofs for the main results for two cases in

Section 4.1 and 4.2 separately.

A.1 Case 1: Observable factors do not exist

Lemma A.1 If all the assumptions in Theorem 4.1 are satisfied, then

Nilog(N VvV T) 5

T
TN E £ < =
;H t tH ~ NIQ((NK/\T)2 WNT

holds with probability at least 1 — O((N VT)~").

Proof: Note that
1 <& 1
=3I — £ = ZIF - FII2 S i,
t=1

where < holds because of Lemma A.9. 0



Lemma A.2 Under the assumptions in Theorem 4.1, we have

log! (N v T) _ N2 10g (N v T)
T1/2 = NK(NK A T)

max IIb; — bl <

holds with probability at least 1 — O((N VT)™").

Proof: According to Uematsu and Yamagata (2021), we obtain B under the Karush-

Kuhn-Tucker (KKT) conitions by

A~

B-B=T"'BF(F-F)+E(F-F)+7T'EF-7T"',V(B),

where the (i, k)th element of V(B) for given B = by, € RVN*K is defined as

_ =sgn(by) for bir #0
Uzk(B> B
€ [-1,1] for by =0.

Then, using the triangle inequality, we have
i<N
< T4+ T7H(IBF'(F = F)llax + [E'(F = F)llnax) + T EFllnax. - (A1)

Note that we set 7, =< T"/?log'/*(N VT in Section 4. The proof of Theorem 1 in Uematsu

and Yamagata (2021) implies the middle term of (A.1) satisfies

TH(|BF'(F — F)llmax + [1E'(F — F)|luax)

3/2
< T,1/2N1/ log(NVT)
~ Nig(Ng AT)

Also note that Lemma A.7 gives T |E'F||max < T-/21og"?(NVT). Combining the terms
in (A.1), we have

log2(NVT) _ N log»(N v T)

masl[b —bill £ g S TN ATy ST (4-2)
where < holds because condition (4.11) ensures that
N13/2T1/2 N N11/2T1/2 N
Ng(Ng AT) ~ (Ng AT) ~
U



Lemma A.3 If all the assumptions in Theorem /.1 are satisfied, the following inequalities

hold with probability at least 1 — O((N VT)™"):
(a) maxicy % Zthl 6 — ewl® S Wi,
(b) max;<n i<t |6 — €]® Slog(N VT).
Proof: Let A;’ = l?)l — b; and Af = Aft — ;. We first rewrite |é,; — ey| as
lén — e = |ATD + ATAP £ £,AY).

For (a), by the inequality (A + B + C)? < 3(A? + B? + C?), Lemma A.1 and Lemma A .2,

we get

!

1 5 2
max Z |E1i — el

= t=1

T T
1 5 - 1 .
< Smgxllbill2f§ IIft—ft||2+3mgwxllbi—bz-ll%E £ — £
t=1 t=1

T
N 1
£ 3 by — byl D8P
t=1

Note that with the proof of Lemma 3.1(ii) in Fan et al. (2011), 7', [|f]* < K.

Therefore,

T
1 .

hax T ;_1 [ — eul® S wivr

holds with probability at least 1 — O((N Vv T)~%). Similarly for (b), we upper bound

~ 2
max;<ni<r |61 — €] as

max |6, — 6ti|2

I<NH<T
< 3max Hb,-HthaXHAft — £||” + 3max ||b; — bZ-HZm?XH?t —£|?
7 7
< 3max by |* (max |[F* + max[|£]|*) + 3 max [B; — by |* (max [[£]|* + max | £,]*)
7 (3

+ 3max|[B, — by [Pmax|£,|

N

log(N Vv T),



where we have used the fact that f, and f; lie in the parameter space in (4.10) with high

probability under Assumption 4.2(b). O

Lemma A.4 Under the assumptions of Theorem /.1, there exists a large enough constant

C > 0 such that

(a)

C’logl/Q(N\/T) e
7z <O((NVT)™),

E €t 6t] z’ 1

max
1,j<N
max
1,]<IN

T
(max Z €161 — €rieyj) 2> Cwyr log1/2(N V T)) <0 ((N V T)*”) )

_]<N

(b)

Clog'*(N v T) C
T <O(NVT)™),

T
1
E €tiCty — i - 0” >
t:1

(¢)

Proof: We follow the similar proof procedures to Lemma A.3 of Fan et al. (2011) and
borrowing some strategies in Ding et al. (2021). The proofs of (a) and (b) are generally
based on Theorem 1 in Merlevede et al. (2009). First for (a), by Lemma A.2 in Fan et al.
(2011) and Assumption 4.2, we have e;e,; satisfies the sub-exponential tail condition with
parameter 2/3. Let v = (3/2 4+ r;")~! so that 0 < v < 1, then Theorem 1 of Merlevede
et al. (2009) gives that there exist some constants C; > 0, i = 1,...,5 that do not depend

on N and 7' such that for any 4,5 < N and any positive s,

T
1 (Ts)" (T's)?

P15 euey —of; < T _ Y
( T t:1et €y — 05| > s) exp < ) ) + exp ( Co(L+ TCh)

N (Ts? ( (Tspti=D

exp | — exp| =—————1| |-
P\ 7 P\ Cllog Ts)
Notice that by Bonferroni’s inequality,

(max Zenew i- s> <N max P (' Zemew i-




Let s = C'y/log(N v T')/T for some large enough constant C'. We have

N2 exp (_%)  Nexp (_CZTlog(NvT))

Co(1 1 TC, Co(1 + TCh)
C*Tlog(NVT)
< N? - =O((NVT)™). A3
ow (S Ee) — ot vy (A3)
For all N, T > 2, we have T's = C(log(N V T)T)*? > T2 > 1. Then it is easy to see that
(TS)W(PV)
2 1—~)7
g (N v T) exp(7)(1 —7)

for 0 < v < 1 so that

(T's)70=)
<P (05(10g(N VT

o (e ({122

< N?exp (—%T;V) — O(NVT)™). (A4)

7) > exp (exp(y)(1 =) C5) = Cs.

Hence, we obtain

Next, following the steps in the proof of Lemma A.1 in Ding et al. (2021), we have when

(log(N v T))¥m=t = O(T) for some v, < 7,

(Ts)
Ch

N?T exp (- ) <O((NVT)™). (A.5)

Combining (A.3), (A.4) and (A.5), we complete the proof of (a). Part (b) can be proved

in a same manner as (a). For (c), by the Cauchy-Schwarz inequality, we have

T
1 N 2
H}%X T tzzl(etietj - 6ti6tj)
|7
- T D (el — eqg) + (6 — ew)er; + (6 — ew) (b — e47))?
' t=1
3 & 6
< fng%XZ((éti — eu)(éy — ey))* + T max > (e — er)?
Yt=1 Tot=1
5 T
< nax ;(éti — €tz‘)2HﬁX|ém’ — eyl
6 e 1/2 T 1/2
+ T (max Z efi) ((max Z(éti - €t¢)2> (max\éti - eti|2)>
R R o
=: I+11.



By Lemma A.3, I < w3 log(N VvV T). With simple algebras, the first parentheses in IT can

be upper bounded as for some positive constant C,,

] T 1/2
m (m?X Z €?Z>
t=1

T 1/2
= max Z(efi — o5+ JZ)2>

t=1
| 1/2
< Zmax Z e — +2max( )2>
=
LT 1/2
< 2 max Z e —05)? — 0| + 2max 6 + 2max(0%)2>
=
< G,

where the last inequality holds by part (b) and Assumption 4.2. Next, using Lemma A.3

for the second parentheses in 11, we have

1/2
m <(maxz éti — €1;) ) (Hﬁx[éti — eti|2>)

L T 1/2 1/2
= miaxf Z(éti - etz’)2 (Hli%X|éti - 6ti|2>

t=1
< wyrlogA(NVT).
Thus,
IT < wyrlog?(N v T).
Combining [ and /1, we have
L I

max Z(étiétj — eyey)? SwyrlogA (N VT)

(2
5] =1

holds with probability at least 1 — O((N V T')~"). O
Lemma A.5 Under the assumptions of Theorem /.1,

max |67, — 0| S wNr

7,j<N

holds with probability at least 1 — O((N VT)~").



Proof: Using the triangle inequality, we have

T T
~e e 1 N N 1 N
o5 — ol < T tzzl(@ti —e4i)(61j — €45)| + T Z::(em- — €1)€4;
1 T T
+ T ;(etg - et] € ; 6tzetj i
=: I+ 1T +111+1V.

Applying the Cauchy-Schwarz inequality to I yields

max —

et €t €t'—6t‘
max 7 (6 — ear) (6 — 1)

lmq

T
< max — E e — e)? S wa
~ i,jgN i tz NT»

where < holds by Lemma A.3(a). We employ the Cauchy-Schwarz inequality again for

II and 111, and achieve
T
max [ Z i — €1;) €tj, T Z €rj — €4j em]
L 1/2 . 1/2
< {H}f?xfz(éﬁ - >} {mfz}

t=1
S WNT.

For IV, max; jenT ™| Y1, eney — 0| S T7Y2log"?(N v T) is directly from Lemma

A4(a). Combining I — I'V completes the proof. O

Lemma A.6 Under the assumptions in Theorem /.1, for éij defined in (3.8), there are
some positive constants 01 and 0y such that the event © = {6, > éij > 0y, Vi,j > N}

occurs with probability at least 1 — O((N VvV T)~").

Proof: It is sufficient to show that for 0;; defined in Assumption 4.2,

max |92] 0i;] S wnr logl/z(N v T),
i, j<N



holds with probability at least 1 — O((N V T')~"). We follow the similar procedures in the

proof of Lemma A.9 in Ding et al. (2021). Using the triangle inequality, we have

max ‘éU — Gij]

i,j<N
T T T
< L (46 Ae)2_l (esie; — 0%)2| + L (esiey; — 05)% — 6;;
X nax €ti€t; — 0y €ti€tj — Oy max €ti€t; — 0y ij
1] T ) T
t=1 t=1 t=1
1 I
< JA A e\2
< max — » (Enfy — 05 — enierj + 0y;)
ij
t=1
1 I
A4 ~e e
+ ngx TE (EtiCrj — 0F; — enerj + 05;)(enery — o)
t=1
T
1 2
+ max ?E (erie; — 0f;)” — 0
t=1
= I+I1I+1I1
For I, by Lemma A.4 and Lemma A.5,
T
[ < 2max~ (61iéyj — eyiey;)? + 2max (6% — of;)?
< n‘aXT €1iCrj — €iCyj max{0o;; — 0;;
“ t=1 "

< whT logl/Q(N v T).

For 11, by the Cauchy-Schwarz Inequality, term [, Lemma A.4(b), and the boundedness

of 0;; given in Assumption 4.2, we have

] T 1/2 1 T 1/2
17 < 2max (T Z(étiétj — 6% — €4iCtj + Ug)2> <T Z(etietj — O'Z-ej)2>

i
J t=1

5 WNT.

Next, by Lemma A.4 (b),
log'/?(N v T)

1T S =73

< WhNT-

Combining I, Il and 11, we have

max |ézj — 01]’ ,S WNT 10g1/2(N V T)
1,j<N



Lemma A.7 Suppose Assumption 4.2-4.5 hold, we have
IEF xS TY?1og2(N vV T)

~

occurs with probability at least 1 — O((N VvV T')7).

Proof: Let z = C’*Tl/Qlogl/Q(N v T') for some sufficient large constant C*. we have
P(HE/FHmax > x)

< max ’ E ¢ x
X <z<N NS K tsz

< KN max P(‘thletiftk >:L’),

<N, k<K
where the second inequality comes from the Boole’s inequality. By Theorem 1 of Merlevede

et al. (2009), it is easy to get

T
P max, [0 eusu| > 0T 0 (v D) ) < O T,

Therefore, we have |E'F|ma < T2log?(N V T) occurs with probability at least 1 —

~

O((NVT)™).

Lemma A.8 Suppose Assumption 4.1 and 4.4 hold, we have
[EB|lmax S N11/2 10g1/2(N\/T)

occurs with probability at least 1 — O((N VvV T)~").

Proof: Let z = C’*Nll/2log1/2(N V T') for some sufficient large constant C*. we have
P(|[EB|[max > )

< max ‘ E em ik| > @
t<T, k<K i=1
N
E eibik >33)7
=1

< KT max P<
t<T, k<K




where the second inequality comes from the Boole’s inequality. Assumption 4.4 (b) yields

for some sufficient large constant C*,

N
P max ’ E eyibi
t<T, k<K i=1

< 2KTexp{—C*log(NVvT)}

> C*N}log"/?(N v T))

< O((NVvT)™),

which can complete the proof.

Lemma A.9 If all the assumptions in Theorem 4.1 hold, then

N2 1og (N v T)
N (Ng AT)

T7P|F ~Fllr 5
holds with probability at least 1 — O((N VT)™").

Lemma A.10 If all the assumptions in Theorem 4.1 hold, then

TY2Ny log*(N v T)
Nik(Ng AT)

—1/2 1195
N,V?B - Bllr

holds with probability at least 1 — O((N VvV T)™").

Proof: [Lemma A.9 and Lemma A.10] The proof can be done in the same way of Theorem
2 in Uematsu and Yamagata (2022). Note that the proof will heavily depend on Assumption

4.4, Lemma A.7 and Lemma A.S. 0

Proof: [Theorem 4.1]
We follow the proof strategy of Theorem 5 in Fan et al. (2013). Lemma A.6 and Lemma
A5 imply that for any € > 0, there are some positive constants M, 6; and 6, such that the

events
Q= {HlaXi’jgN’a’% - Uz‘ej‘ < MCUNT}, and
A1/2 .o
@:{9229” 2917 VZ,] <N}

10



occur with probability at least 1 — O((N vV T')~"). Then, under the event 2 N O, we can
apply the inequalities of Theorem 5 in Fan et al. (2013) to get with probability at least

1L-O(NVT)™),

N
120 = Sell < max Y [s7(575) — o
j=1

N

o, + M L Moo
{T +(CO + M) q}w}vﬁr@@(z o1

j=1

1—q
S Wyrma.

Proof: [Theorem 4.2] Given mNou]lV}? = o(1) and the assumption that Ay, (3.) > ¢ >
0, we can achieve that all the eigenvalues of 2: are bounded from 0 with probability
approaching 1 and

I£7 - =71 S whstm
e e ~ YNT '"''N

holds with probability at least 1 — O((IN vV T')~") by the similar arguments in the proof of

Theorem 2.1 in Fan et al. (2011). O

Proof: [Theorem 4.3]

(a) By the triangle inequality, we have for

IS - =%
< BB -BB|} + [ - 37|
< B -B)B - B)|% + BB B3+ [ - 2[l}
< N7YB-B[i+ N YBEB|S B - BJE + |5 - S|l

= [+ 1I+11I

11



First,

I = N7YB-BJs
2
< ]\[_1 <Nmax|||5z — bl||2)
iSN

Nlog*(N Vv T)

<

(A.6)

where the last inequality holds due to Lemma A.2. Using the same procedures in the

proof of Theorem 2 in Fan et al. (2008), we have |B'S"'B|| = O(1) so that

log(N Vv T)

11 < Nihmax b = bil|* § =

Next, by Theorem 4.1,

III = N7YZ2(E -z )2 V22
< =TVAE - 2)s )
< ||22_Ee||2)‘ma><(2_1)-

~ T
S DI A

Combining I, I1, and I11 together, we have with probability at least 1—O((NVT)~")

Nlog?(N VvV T) Y

||2_2||22 S 2 WNT

(b) Using the triangle inequality, we derive
12~ Zlax < BB’ — BB Juax + 157 — Sellunax =: [ + 11.
For I,

IBB'— BB/ = max|blb; — blb;|
2,]

< (max|[b; = bill)* + 2max [b; — by|[by|

A

WNT,

12



where the last equality holds because of Lemma A.2. For /1, by the triangle inequality

and Lemma A.5,

||22 - Z]eHmax = H}%X |31'Tj(‘}iej) - Uiej

e
ij

/N

n%?x |s3;(0%;) — 05| + Hll.%x 67— 0

N

il

Tij + max |6fj — 0y
0]

S wnr (A7)

Combining I and I, we complete the proof.

Lemma A.11 Under the assumptions of Theorem 4.1, we have

A AT

IBE, B-BXI'B| < mywy M

e

holds with probability at least 1 — O((N VvV T)™").

Proof: We follow the similar argument in the proof of Lemma B.5(i) in Fan et al. (2011).

Using the triangle inequality, we have

IB'S] B-B'X'B|
< B-BYS] (B-B)|+2|(B-BYS] B|+[B(S] -5 B
< [B-BJAIS] | +20B - B[S (IB] + BB -
S Twir+ T1/2N11/2WNT + mawyn N
< mawhAN P (Ny v TV,
where < holds because of Lemma A.10, Assumption 4.1 and Theorem 4.2. O

Proof: [Theorem 4.4] We use the similar proof strategy in Fan et al. (2013) with some

modifications. By the Sherman-Morrison-Woodbury formula we have ||§A371 -3 <

13



A= 50 =,

A4, = |7 —S)BIc+BS] BB |,

Ay = 8] - STOB(Ic+ BS] B)Bs,

A = |IZ7'B -B)(Ik + BE] B)'B'E,

As = =7 B-B)Ix+ B B)B'S Y, and

Ae = [SB{(Ix+BS B) ! — (I« +BE'B) B

Al ATl A
Let M = (Ix + B'S:'B)~! and L := (Ix + B'S] B)~'. For M, by Assumption 4.1

and Assumption 4.2,

Amin(Ixg +B'Z.'B) 2 A\in(B'E2'B) 2 i (B2 H) Ain ((B'B) > ¢Nk, (A.8)

e

for some constant ¢ > 0. For L™, we first notice that condition (4.14) and Lemma A.11

imply for some constant ¢ > 0,

P

< p(||B

A~

B’iz B B’Ee‘lBH < Emyw R INYA (N v T)1/2>

sn] <o)
Then, using line (A.8), Lemma A.1 in Fan et al. (2011), Lemma A.11 and the above result,

we have

A AT

> P(BE B leBch/NK)

> P (HE’S}?IB ~ B'EB|| < dmywh N2V v )2
> 1-0(NVT)™). (A.9)
For each term A; — Ag, we first observe from Theorem 4.2 that A; = O,(mywy,’). Em-
ploying triangle inequality to Ay, we achieve
A < IS - B IBLE S

14



It then follows from the property of matrix norms, Lemma A.10 and the proofs of Lemma

B.5(iii) and Lemma A.1 in Fan et al. (2011) that for some positive constant ¢’ ,

P(IB]| < ¢'N?) = P(|B|lr < ¢'N?)

> 1-O((NVT)™). (A.10)

Then with line (A.9) and the proof of Theorem 4.2,

N,
1—¢
Ay S —mywyp.

Ni
Similarly, we obtain
N, 1—g

A3 g N—KmeNT .

For A4, using triangle inequality again, we can derive

— - S/ —
A < IESB-B)ILIB

< I=CHPIB — Blel LIIBI- (A11)

Employing the upper bounds of norms in line (A.11),

N11/2T1/2

A, <
45 Nr

WNT.

In a similar spirit, we have
1/2m01/2
A < N°T

WNT.

For Ag, the middle term of it can be derived as
Al ATl A
I +BE] B — (1« + BE'B)"|
= [IL—M]|

IL(L™ = MM < LML = M

1

< NZBE'B-BE] B
NY2(N, v T2
< mywy (i v T)

2 )
NK

15



where the last inequality holds by (A.8) and (A.9), and the last equality concludes from

Lemma A.11. Then employing Assumption 4.1 and 4.2, we have

As < |IZIBIPIL - M|

N2(Ny v T)V?
NZ '

1—q
S mawyr

Combining A; — Ag together, we have

ol o L NNy v T2
157 - 2w T
K

(A.12)

occurs with probability at least 1 — O((N VvV T')7). O

A.2 Case 2: Observable factors exist

Lemma A.12 Suppose Assumption 4.2 and /.5 hold. Then

1
~X'F

max

occurs with probability at least 1 — O((N VvV T')7).

Proof: Let s = C*T/2log?T for some sufficient large constant C*, we have
P ! X'F >
T max ’
< P Ly
< KEI,I%);K thzlmtlftk > 8

1 T
< Kr max P(’?thlxﬂftk >S>>

I<r, k<K
where the second inequality comes from the Boole’s inequality. By Theorem 1 of Merlevede

et al. (2009), it follows that

1T Jlog!?T .
P (lg{-{l%}él( th:1$ﬂftk > C W < O((N \/T) )
Thus, we have |77 X'F||lmax < T~ /?1og!/? T occurs with probability at least 1 —O((N V
T)~*). Moreover, (A.2) gives that T-/21log"* T < wy7. O

16



Lemma A.13 Suppose Assumption 4.2, ./ and /.5 hold. Then

1/2
o log (NVT)

1 !
H—XE S Ti/ < wNT

T

max

holds with probability at least 1 — O((N VvV T)™").

Proof: Let s = C*T~'/2log"/?(N Vv T)) for some sufficient large constant C*, we have

P(l7xel . ~+)
1 T
< P(éﬁévaLﬁ%Mi>S>
1 T
< NTKITI}%;(NP (‘th_lx”e” > s) ,

where the second inequality comes from the Boole’s inequality. By Theorem 1 of Merlevede

et al. (2009), it is easy to obtain

P 1 !
max |— E Ty
l<r, GeN | T Lty 100

which completes the proof. O

log"/*(N v T)

> C* T3

><OGNVﬂ”%

Lemma A.14 Suppose Assumption 4.5 holds. The following inequality holds with proba-

bility at least 1 — O((N VvV T)™"):

T 1/2
1 log™ /=T
max |7 2 ety — Bleuzy)| S g
Proof: It can be proved in a similar way to Lemma B.1 in Fan et al. (2011). U

17



Proof: [Lemma 4.1] Note that ||U — Ul|pmax = maxicicni<icr |Uy — Uy|. Using Holder’s

inequality and properties of the norms, we have
Ui — Ul = (& — a;)x)]
< llas = aullyxlc
= [[(XX)"X'yi — aill1[[x/lo

1 —1
< —X'X
(%)

T T

1 1
‘—X/sz + —X'ei

max

[1%¢loc
max

Because rlog'?T = o(TY?), Lemma A.14 and Ay (E(x:x},)) > 0, which comes from

Assumption 4.5(d), following the proof of Lemma 3.1 in Fan et al.

o

<Joxx | <

max

occurs with probability at least 1 —O((NVT)~"). By Assumption 4

(2011), we have

(A.13)

5(b), %o S log"2 T

with probability at least 1 — O((IV vV T)7¥). Further with Lemma A.12 and Lemma A.13,

we achieve

1

log!'/?(N v T)log"/*T

A 1
A | < _ X'
nllt%x |Uyi — Uyl S ( HTX F

~X'E
|7

) log!?T <

max max

occurs with probability at least 1 — O((N VvV T)~"), which complete
Lemma A.15 Suppose Assumption 4.2 and /.5 hold, we have
IEF e S TY?10g2(N vV T)

~

occurs with probability at least 1 — O((N V T)~").

Proof: The proof is exactly the same as the proof of Lemma A.7.

Lemma A.16 Suppose Assumption 4.1 and 4.4 hold, we have

IEB|max < N/ log!/?(N v T)

~

occurs with probability at least 1 — O((N vV T')7).

18
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the proof. O



Proof: The proof is exactly the same as the proof of Lemma A.8. O

Lemma A.17 (Consistency of estimated unobserved factors and loadings) If all the as-
sumptions in Theorem A.1 hold, the following error bounds hold with probability at least

1-0(NVT)™),

(a)
3/2 1/2
T_I/QHF_FHF<N1 log (N\/T)’
~ Ng(Ng AT)
(b)
g TY2N; log?(N v T
NTPB - By 5 T YD)
Ni(Ng AT)

Proof: We follow the proof strategy of Theorem 2 in Uematsu and Yamagata (2022).

The optimisation of the SOFAR estimators implies that

1 o .
SIY = XA+ XA~ XA’ — FB|[f +n,/|B]s

]_ ~ ! I
< 5HY — XA+ XA - XA —FB'|% +n,||B||1,

which is equivalent to

1 . . , X
§HE+ U-U-FB+FB2+n,/B|: (A.14)

1 A
< 5B+ U Ul +mlBlh.
Let A = FB' — FB'. We can rewrite (A.14) as

1 . .
SIIE+U = U — Allg + n[|Bl|x (A.15)

1 N
< §||E+U—U||%+nn||B||1.
Define A/ =F — F, A® = B — B. We have

A=ANB +ATAY £ FAY. (A.16)

19



Plugging (A.16) into (A.15) with some decomposition to (A.15) leads to

1 . , )
SIAIR < wE+0-0)A + . (IBl: - B])

< lw@E+U- U)BM‘ +te® + U - uyarar
+ ‘trAbF’(E+I]'—U)‘+nn (1Bl — 1B]1) (A.17)

Then, we use Holder’s inequality and properties of matrix norms on the traces in (A.17).

The first trace is bounded as

tr(E + U — U)BAY
< (E+ U = U)Bllual|A]2
< (FD)Y2(E + U = U)Bl|yax | A ||

< (D) EB|lmaxl|A [le + 1T U = Ul B o | A [ - (A.18)
In a similar spirit of bounding the first trace, the second trace is bounded as

tr(E + U — U)APAS

_ ‘trEAbAf’ +tr(U — U)APAS

< NEAIAT ]+ [T — Ulluaxl A A

< EIANRIA [l + (NT) 20 = Ullwax | A%l [|A I, (A.19)

where the last < holds because of properties of matrix norms and Lemma 4.1. Similarly,

the third trace in (A.17) is bounded as

A’ (E+ U — U)| < |A 1| F'Elmax + A1 F(T — U) . (A.20)

20



By properties of matrix norms, the second term of the right-hand side of (A.20) is bounded

as

1AL F' (0 — U)

< (PR A X | A = Al (A.21)
= (rE)"?| A1 F'X x| (X'X) T (X'FB + X'E) | imax

< KA F X i [[ (X X) ™ e | XFB + XE | mas

< KA X e[ (XX ™ (7)Y XF e | Bllmase + X Bl amas)

< KA F X el | (XX) ™ e (7)Y 206 X F i + [ X Bl ), (A.22)

where the last inequality holds because of Assumption 4.1. Hence,

trA’F'(E 4+ U - U)
< AL [FE|max

+ KA X | (XX) ™ [l (7)Y 20X F e + X Elfinax) (A.23)

From Assumption 4.4 on E, (A.13), Lemma 4.1, Lemma A.16 about EB Lemma A.15
about E'F, Lemma A.12 about X'F and Lemma A.13 about X'E, there exist some positive
constants ¢;—¢g such that the event £ with probability at least 1 — O((N Vv T')7") for large

fixed constant v > 0:

& = {IElL <ai(N VD)2 0 {[EB |y < 2N} log 2(N v T) |

O

{||F’E||max < esTV21og 2 (N v T)} N {||X/E||max < e T2 1og 2 (N v T)}

>

(IR Pl < 52102 T} 0 LI (XX) ™ i < 66T} (A.24)

On this event, setting the penalty term n,, = 2c3T"/? logl/Q(N\/T) and employing the trace

21



bounds (A.18), (A.19) and (A.23) on (A.17) give
IAlE < (NT)210g (N V T)|A e + (N v T) 2 log 2 T||AY ||| A e

+ 1o (1A% + 20,1 BJl = 2B ) (A.25)

Next, directly following the steps starting from (A.6) in the supplementary material of
Uematsu and Yamagata (2022), we can complete the proof. Note that although compared
with (A.6) in the aforementioned material, the second term of the right-hand side of (A.25)
inludes an extra term log"/? T due to the first stage OLS estimation, this extra term will
be divided by a much faster polynomial rate in the proof so that there will be no effect on

the final result. O

Lemma A.18 If all the assumptions in Theorem A.1 are satisfied, then

T
- N3log(N VvV T)
T! E f— > < 2 = w3
— || t t|| ~ NIQ((NK/\T)2 NT

holds with probability at least 1 — O((N VT)™").

Proof: Note that
L& o 1= 2 < 2
T S OIE -] = fHF —Fls S wyrs
t=1
where < holds because of Lemma A.17. O

Lemma A.19 Under the assumptions in Theorem A.1, we have

log"2(NVT)  N*1og"?(N v T)
T1/2 = Ng(Ng AT)

max IIb; —b;|| <

holds with probability at least 1 — O((N VT)™").

Proof: Similar to the proof of Lemma (A.2), the SOFAR estimator B under KKT coni-
tions is given by
B-B = TYBF(F-F)+E({ -F))+7T'EF-T1,V(B)
— T7YAX' — AX)(F —F) - T7'(AX' — AX/)F, (A.26)
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where the (i, k)th element of V(B) for given B = by, € RVN*K is defined as

_ = sgn(l;ik) for by, #£0
Uzk(B> }
€ [—1, 1] for bzk = 0.

Using the triangle inequality,
max||b; — by|
<N
< T+ T (IBF(F = )l + [E/(F = F)las ) + T [EF s
+ T (IAX = AX)(E = F)ls + [ (AX = AX)F ) (A.27)

Note that we set 1, < T2 logl/z(N V T) in Section 4. By the proof of Theorem 1 in

Uematsu and Yamagata (2021), we can directly get that in (A.27),

) . . 12 N log(N v T)
1 <HBF’(F = F)|max + | E'(F - F)me) ST ]IVK(NK AT)

holds with probability at least 1 — O((N V T)™").

Define F = {F — F ¢ R™¥ . |F — F||r < CR,}, where C' is some constant > 0 and

NPTV210g(N V T)
Ni(Ng AT)

R, =

Then, Lemma A.17 yields that F —F € F occurs with probability at least 1—O((NVT)™").
Conditional on F — F € F , we also have F — F = R,M for some matrix M such that
IMlr < C

Next, using the similar proof strategy of Theorem 1 in Uematsu and Yamagata (2021),

we have, for any = > 0,

P (T’I/QH(AX’ — AX)(F — F) || > 3:)

N

P (|T-2(AX = AX)(F = F)|lpo > 2 | F~F e F) + P (F-F ¢ F)

N

N

P ((rK) A = Al | T2 (F = F) o > @ | F = F € F) + O(N VT)™)
P (R, T2 10g" (N V T) [T X Mo 2 2 | B~ F € F) + O(N V T)™),
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where the third < uses (A.21) and (A.22) to get |A — Allmax < T2 log?(NVT). Setting
©=T"2R,10g"*(N V T) can yield that the upper bound is O((N V T)~"). In a similar

spirit, we obtain that for any x > 0,
P (T2 (AX = AX)F 05 > )

is also smaller than O((N Vv T)~7"). Thus, we have

N log(N V T)
Ni(Ng AT)

T (I(AX — AX)(E = F)lluas + | (AX' = AX )Pl ) S T2

holds with probability at least 1 — O((N VvV T)7"). Lemma A.15 gives T E'F||pax <

T=210g"?(N v T). Consequently, we have

R log"”>(NVT) _ N*10g">(N v T)
bl < =
maxlbi =bill S = S TR WAy T

where < holds because condition (4.11) ensures that

Nf/QTl/Z N11/2T1/2
Ng(Ngk AT) ~ (Ng AT) ™

O

Lemma A.20 If all the conditions in Theorem A.1 are satisfied, then the following in-

equalities hold with probability at least 1 — O((N V T)™") :
(a) maxicn Y0y 16 — eul® S D,
(b) maxicn i<t |ér — enl* Slog(N VT).
Proof: Let AP =b, —b; and Af =T, — f,. We first rewrite |, — ey as

s — eul = |Uy — Uy + AFAP + Afb/ + £,AY],
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Then, by a usual inequality (A + B + C' + D)?* < 4(A* + B% + C? + D?), Theorem 4.1,

Lemma A.12 and Lemma A.13, we get

T
§ etz - etz

ma.
g
4 & 1 &
2 2 2 T 2
< T;(UM—Uti) JF4mz‘@t><||bi|| f;Hft—ftH

T T
. 1 - ~ 1

2 2 2 2

+ 4m;ax IIb; — byl T ;1 If: — £ +4mZaX |b; — by T ;1 [ £

log(N VvV T)logT
¢ o [OTVTIT A

For (b), by Lemma 4.1 and the proof of Lemma A.3(b), we upper bound |é; — ey]? as

N

N

max _|é;; — en\Q

i<NgLT
)+ (b'f, — b'f)[?
l<1}1V6}><<T|(Utz Uu) + (bif — bify)|
max |Uy — Uyl +2 max |(Uy; — Uy)(bif, — bif)| + max Iblf, — bif,|?
ISN LT ISN LT I<NELT
log(N Vv T).

0

Lemma A.21 Under the assumptions of Theorem A.1, there exists a large enough constant

C > 0 such that for large T and N,

(a)

C’logl/Q(N vV T) .
(Zn;lg]}\(] Z eriCtj — Ogi| = Tz >0 ((N v T) ) ,
C'log*(N v T)

T2 > <0 ((N V T)_U) ,

T
1
P (maXT Z(étiét] erier;)? > Cwunr logl/Q(N V T)> <O ((N Vv T)_“) .
=1
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Proof: The proofs can be done in the same way of Lemma A.4, so we skip the details

here. Note that Lemma A.20 will be used frequently. U

Lemma A.22 Under the assumptions in Theorem A.1, there exist some positive constants
05 and 04 such that the event © = {03 > éij > 0y, Yi,j > N} occurs with probability at

least 1 — O((N v T)™").
Proof: The proof can be done in the same way of Lemma A.6. Note that the proof will
heavily depend on Lemma A.21. U

Lemma A.23 Under the assumptions of Theorem A.1, for some large enough constant C,

P (max o5 — o] < C@NT) >1-0(NVT)™).

i,j<N Y

Proof: The proof is the same as the Lemma A.5 with applications of Lemma A.20 and

Lemma A.21. 0

Next, we present the assertions in Theorem 4.5 as Theorem A.1-A.2 as well as their

proofs separately.

Theorem A.1 Suppose Assumption j.1-4.2, 4./-4.5 and condition (4.11) hold. Then, for

37 defined in (3.9), we have
(a) Hflj — .|| S @ngtmy holds with probability at least 1 — O((N vV T)™);

(b) If my@hs? = o(1) also holds, then all the eigenvalues of 3., are bounded from 0 with

probability approaching 1 and
A 7-_1 1
IZe =7 < ong'm
holds with probability at least 1 — O((N VvV T)~").
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Proof: [Theorem A.1] The proofs follow the same strategies of Theorem 4.1 and 4.2.
Note that the proofs depend on the new versions of Lemma A.6 and Lemma A.5, which

are Lemma A.22 and Lemma A.23 respectively. U

Theorem A.2 Under the assumptions in Theorem A.1, for 3 defined in (3.9), the follow-

ing results hold with probability at least 1 — O((N VT)™"):

(a) |8 = B|% S T-2N1og(N v T) + &2 m3,.

(0) 11£ — Zlmax S Onr-

Proof: [Theorem A.2]
(a) By the triangle inequality, we have

1% - 2%

~

< (I1Ateovn) = covtx) AR + Acou(x)(A - AV

£ (A - A)eov(x)(A - A>'u%)

¥ (nBB “BBJE 4[5 z:eu%)

— I+l (A.28)

Following the proofs of Lemma B.3 in Fan et al. (2011), we have
() 1A (cov(x;) = cov(x:)) A3 + [|Acov(x,) (A — AY |3 < log(N Vv T)T7,
(i) [I(A = A)eov(x:) (A = A)|3) S log* (N v T)T~2

hold with probability at least 1 — O((N V T')~"). Then, by the proof of Theorem 4.3,

we obtain with probability at least 1 — O((N VvV T)7"),

Nlog® (NVT) = _5 9,
T2

I+115 + @y My
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(b) Note that

12 = 3 max
<(WMMM@—MMWWM@MW%MMMMM
£ (A~ A)eov(x) (A — AY e
£ 2A(cov(x) — cov(x))(A — AY s
" WA—Mwwmwwwm»M—Ame
¥ QBB—meﬁwi—z%m)

= I+1I (A.29)

It then follows from Theorem 4.3 and the proof of Theorem 3.2 (b) in Fan et al.

(2011) that I + II < @y holds with probability at least 1 — O((N vV T)77).

Next, we state and prove the lemmas for proving Theorem 4.6. For notational ease,
let us denote BB’ + Acov(x;)A’ = X, BB’ + Ac()v(xt)A’ =3, 2 =3, +3., and

S8, 5T
Lemma A.24 Under the assumptions in Theorem J.6. We have
Hilr =3l S (N v (N11/2T1/2))mN<DNT

holds with probability at least 1 — O((N VT)~").
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Proof: We use the triangle inequality repeatedly. It follows that for some sufficient large

constant C' > 0,
Hilr - 2lv““
< IB=B|’+|B||B - B|| +[I(A — A)(cov(x;) — cov(x;))All

+ [lA = Allflcov(xo) [ All + [|A(cov(xe) — cov(x.) A

1/2 1/2 1/2 1/2
~9 12172 ~ log"/* Nlog/=T 1olog e N log™ /=T
s C(TWNT N vy N T TN = A N
< <N v (N 2T1/2))@NT (A.30)

O
Lemma A.25 Under the assumptions in Theorem /.6. We have
IE087" = BB (v (0T i
holds with probability at least 1 — O((N VvV T)™").

Proof: We use the triangle inequality repeatedly. It follows that for some sufficient large

constant C,
||2lr22_1 - sze_lﬂ
A~ | _ A _ S L _
< B =S IBD =S+ 1B - SllIES + B2 - 27
< O(N v (N 2T1/2))@NTmN@}V;? + C(N v (VY 2T1/2))(DNT
+ CNmNcDII\,}?,

where the last inequality holds due to Lemma A.24, Theorem A.1, ||X;| = O(N) and

|Xc|l = O(1). Note that with simple algebras, it can be verified that
(v o) <

by condition (4.11). Then, the result follows. O
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Lemma A.26 Under the assumptions in Theorem /4.6. We have for some sufficient large

constant c,

P<)\mm (1 + z:lz:) > CN) > 1-0(NVT)™). (A.31)

Proof: Because we have A\pin(E21) = ¢, Auin(AA') = ¢, N, A\uin(BB') > d% N and

Amax(COvV(X;)) = ¢ by assumptions, we achieve for some positive constant ¢ > 0,

)\min (I + 2lrze_l) 2 )\min(zlr))\min(ze_l)

Amin (Acov(x,)A’ + BB) A\ (2.1

e

> N (A.32)
Then, Lemma A.1 in Fan et al. (2011) with (A.32) gives
P (Amm (T+537") > cN)
> (I35 - (14 BE)] <o)

> P(Hf]lrﬁlg_l -3, 27 < c<N vV (Nf/2T1/2))mN@}W?>,

where the last inequality holds because of condition (4.15). Finally by Lemma A.25, the

proof completes. O
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Proof: [Theorem 4.6] By the triangle inequality and Binomial Inverse Theorem?, we have

[ |
= e +30) 7 = (S + 27
< -

Sk -1 B s o g 71
(s —s) (1) oS3

—1
+ 2;1(I+2lrﬁ:gl) (ﬁlr—zlr)ﬁ:j

-1
+ 1=t <I + 2”2@_1) >, <£‘361 ~ 261) H

-+ 2;1 <[I + 2l7"2:;_1:| - [I + 2[7“2;1} _1) Elrzgl

= L1+L2+L3+L4+L5.
First, let G :=1+ X, X! and G:=1+ 217,2271. We have
|IG|| g )‘max(zlr))\max(zil) - O(N) (A33)

e

by Assumption 4.1, 4.2 and 4.5. Theorem A.l directly gives L; < mNcD]lV_i,fJ. For Lo, it

~

follows from the triangle inequality that
Ly < LilGT=37" (A.34)
We have
IGH SN (A.35)

holds with probability at least 1 — O((N VT)~") by Lemma A.26. Next, Lemma A.24 and

the triangle inequality gives

120l < 1% = Bl + 1B ]| S N (A.36)

4See Press (1972).
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Similarly, by Theorem A.1, we have |37 || is bounded with probability at least 1—O((NV
T)="). Thus, Ly < my@y,’ with probability at least 1 — O((N v T)~?). Similarly for Ls,

we have
Ly S 1GTIZ0 — Sill S N7 Nmydy = my@yg (A.37)

because of Lemma A.24, Lemma A.26, £ = O(1) and |27 being bounded with

probability at least 1 — O((N vV T)~). Tt is easy to get Ly < my@y, . For Ls, we have

Ly < IZ2UNG =GN
< IEHNIEZIIESIIG = GGG
< N Nmy@y/N—2

_ mN@]lv? (A.38)

because of |1 = O(1), |G~ = G| I=;}]| = O(N), Lemma A .25, line (A.33) and line

(A.35). Combing Ly — L; can complete the proof. O

B Choice of the Threshold Tuning Parameters

1/2 is deter-

In practice, the threshold constant C in the threshold level 7;; = Crwnr(0;5)
mined by users. Following the procedures of Bickel and Levina (2008a) and Fan et al.

(2013), we use multi-fold cross-validations (CV) to choose C.:

Step 1. Obtain residuals {&;}]_, from the only observable variables U by our sparse-induced

weak factor models.

Step 2. Divide {&;}]_, randomly into two groups, M; and M,. Let M; be the training group
{€}tenr, with size T'(My), and M, be the validation group {€;}ienr, with size T'(Ms),

where T(M,) = |T(1 —log ' T)| and T(M,) + T(M,) = T.
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Step 3. Repeat Step 1-2 H times and denote each time as h. Then, select the optimal tuning
parameters C by the following Frobenius risk

2

H
1 - .
o = R I DHICHIE
arg min 7 2 7(Ch) e,

-
Cre[Cminte, O

Here, for each time h, 37(C, )" is the ePOET estimator using {€:}ps, with the threshold
constant wyrp, and f}é‘/"?’h is the sample covariance matrix using {&}.,,,. Regarding the
interval of wyp, C™" is the minimum value that guarantees the positive definiteness of
estimated idiosyncratic covariance matrices, € > 0 is small, and C' is some sufficient large

constant determined by users.

C Discussion of the SOFAR and PC Estimators

Define
NY2(N, A T)Y2
Y = N11/2T1/2 .

Uematsu and Yamagata (2022) show that the PC estimates for the sSWF model hold with

probability at least 1 — O((N VvV T)™"):

(a)

) N2 10g 2 (N V T)
T2 Fpe — Fllp < = 1+,
(b)
C1/2A TYV2N, log"*(N v T)
NV Bpe — Bllp < ! 14 ,).

And recall that the SOFAR estimates hold with probability at least 1 — O((N vV T)™") :

(a)
N 10g (N v T)
Nig(Nxg AT)

T7PF ~Fllr S
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TY2N, log'*(N vV T)

N2 B - By <

It can be seen that when model contains strong factors only, namely N, = N for all
k=1,..., K, the convergence rates of factor loadings in both cases, for example, reduce to
log"/ (N Vv T)T~'2 which is identical to the original POET with given number of factors.
The extra term =, appears in the PC estimates only. When =, is bounded in probability
(i.e., Ny = N or T > N), PC is identical to SOFAR. Thus, in such case, the ePOET
estimator converges at least as fast as the POET estimator. However, when N; < N and
relatively smaller than 7', there are non-negligible extra costs for PC to recover the weak
factor structure in the sWF model, and the SOFAR estimates can achieve a sharper upper
bound than the PC estimates. Thus, covariance estimators of ePOET can converge faster

than those of the original POET.
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